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                             EDITORIAL PREFACE 
 

Robots are becoming part of people's everyday social lives - and will increasingly become so. In 
future years, robots may become caretaking assistants for the elderly or academic tutors for our 
children, or medical assistants, day care assistants, or psychological counselors. Robots may 
become our co-workers in factories and offices, or maids in our homes. It is the Fourth Issue of 
Volume Two of International Journal of Robotics and Automation (IJRA). IJRA published six times 
in a year and it is being peer reviewed to very high International standards.  
 
The initial efforts helped to shape the editorial policy and to sharpen the focus of the journal. 
Started with Volume 2, 2011, IJRA appear with more focused issues. Besides normal 
publications, IJRA intends to organize special issues on more focused topics. Each special issue 
will have a designated editor (editors) – either member of the editorial board or another 
recognized specialist in the respective field. 
 
IJRA looks to the different aspects like sensors in robot, control systems, manipulators, power 
supplies and software. IJRA is aiming to push the frontier of robotics into a new dimension, in 
which motion and intelligence play equally important roles. IJRA scope includes systems, 
dynamics, control, simulation, automation engineering, robotics programming, software and 
hardware designing for robots, artificial intelligence in robotics and automation, industrial robots, 
automation, manufacturing, and social implications etc. IJRA cover the all aspect relating to the 
robots and automation.   
 
The IJRA is a refereed journal aims in providing a platform to researchers, scientists, engineers 
and practitioners throughout the world to publish the latest achievement, future challenges and 
exciting applications of intelligent and autonomous robots. IJRA open access publications have 
greatly speeded the pace of development in the robotics and automation field. IJRA objective is to 
publish articles that are not only technically proficient but also contains state of the art ideas and 
problems for international readership.  
 
In order to position IJRA as one of the top International journal in robotics, a group of highly 
valuable and senior International scholars are serving its Editorial Board who ensures that each 
issue must publish qualitative research articles from International research communities relevant 
to signal processing fields. 
   
IJRA editors understand that how much it is important for authors and researchers to have their 
work published with a minimum delay after submission of their papers. They also strongly believe 
that the direct communication between the editors and authors are important for the welfare, 
quality and wellbeing of the Journal and its readers. Therefore, all activities from paper 
submission to paper publication are controlled through electronic systems that include electronic 
submission, editorial panel and review system that ensures rapid decision with least delays in the 
publication processes.  
 
To build its international reputation, we are disseminating the publication information through 
Google Books, Google Scholar, Directory of Open Access Journals (DOAJ), Open J Gate, 
ScientificCommons, Docstoc and many more. Our International Editors are working on 
establishing ISI listing and a good impact factor for IJRA. We would like to remind you that the 
success of our journal depends directly on the number of quality articles submitted for review. 
Accordingly, we would like to request your participation by submitting quality manuscripts for 
review and encouraging your colleagues to submit quality manuscripts for review. One of the 
great benefits we can provide to our prospective authors is the mentoring nature of our review 
process. IJRA provides authors with high quality, helpful reviews that are shaped to assist 
authors in improving their manuscripts.  
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Abstract 

In this study, a model free adaptive fuzzy computed torque controller (AFCTC) is designed for a two-
degree-of freedom robot manipulator to rich the best performance. Computed torque controller is studied 
because of its high performance. AFCTC has been also included in this study because of its robust 
character and high performance. Besides, this control method can be applied to non-linear systems easily. 
Today, robot manipulators are used in unknown and unstructured environment and caused to provide 
sophisticated systems, therefore strong mathematical tools are used in new control methodologies to 
design adaptive nonlinear robust controller with acceptable performance (e.g., minimum error, good 
trajectory, disturbance rejection). The strategies of control robot manipulator are classified into two main 
groups: classical and non-classical methods, however both classical and non-classical theories have been 
applied successfully in many applications, but they also have some limitation. One of the most important 
nonlinear robust controller that can used in uncertainty nonlinear systems, are computed torque controller. 
This paper is focuses on applied non-classical method in robust classical method to reduce the limitations. 
Therefore adaptive fuzzy computed torque controller will be presented in this paper. 

 

Keywords:  Adaptive Fuzzy Computed Torque Controller, Robot Manipulator, Classical Control, Non-
Classical Control, Computed Torque Controller. 
 

 

 

1. INTRODUCTION  
Controller design is the main part in robotic manipulator as well as the major objectives stability and 
robustness. Consequently to improve the system's performance lots of researchers are about control 
systems [3].  One of the most important challenges in control algorithms is a linear behavior controller 
design for nonlinear systems. When system works with various parameters and hard nonlinearities this 
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technique is very useful in order to implement easily but it has some limitations such as working near the 
system operating point [3]. Some of robot manipulators which work in industrial processes are controlled 
by linear PID controllers, but design linear controller for robotic manipulators is extremely difficult because 
they are nonlinear, uncertainty, and multi input multi output (MIMO) [1-2]. To eliminate the above problems 
control researchers have used in nonlinear robust controller. 
 

One of the most important powerful nonlinear robust controllers is computed torque controller (CTC), 
however this controller has analyzed by many researchers recently but the first proposed was in the 1948 
[4]. This controller is used in wide range areas such as in robotics, in control process and in aerospace 
applications because it has an acceptable control performance and solve some main challenging topics in 
control such as resistivity to the external disturbance. However, this controller is used in wide range areas 
but, pure CTC has the following disadvantage: uncertainty problem and depending on the dynamic 
equation. This controller works very well when all dynamic and physical parameters are known but when 
the robotic manipulator has variation in dynamic parameters, in this situation the controller has no 
acceptable performance .Calculate the dynamic parameters control formulation is difficult because it 
depends on the system’s dynamic equation [6].   
 
On the other hand, after the invention of fuzzy logic theory in 1965, this theory was used in wide range 
applications that fuzzy logic controller (FLC) is one of the most important applications in fuzzy logic theory 
because the controller has been used for nonlinear and uncertain (e.g., robot manipulator) systems 
controlling. However pure FLC works in many areas but it cannot guarantee the basic requirement of 
stability and acceptable performance [5].  
 
However both CTC and FLC have been applied successfully in many applications but they also have some 
limitations. Some researchers are applied fuzzy logic methodology in nonlinear controller to solve the 
nonlinear dynamic problems in classical controller so called fuzzy classical controller and the other 
researchers are applied nonlinear classical controller in fuzzy logic controller to improve the stability of 
systems. In this paper the researcher is applied fuzzy logic method in pure CTC to eliminate the nonlinear 
dynamic parameter to easy implementation.  
 
Adaptive control is used in systems with various dynamic parameters and need to be training on line. In 
general states, adaptive control is classified into two main groups: traditional adaptive method and fuzzy 
adaptive method. Traditional adaptive method need to have some information about dynamic plant and 
some dynamic parameters must be known. Fuzzy adaptive method can train the parameters variation by 
expert knowledge. Combined adaptive method for artificial sliding mode controllers can solve the 
uncertainty challenge in nonlinear systems. 
 

This paper is organized as follows:  In section 2, main subject of modelling two degrees of freedom robot 
manipulator formulation are presented. Detail of fuzzy logic controllers and fuzzy rule base is presented in 
section 3. In section 4, the main subject of computed torque controller and formulation are presented. The 
main subject of design fuzzy CTC is presented in section 5. In section 6, design adaptive fuzzy CTC is 
presented. This section covered the self tuning proposed fuzzy CTC. In section 7, the simulation result is 
presented and finally in section 8, the conclusion is presented. 
 

2.   DYNAMIC FORMULATION OF ROBOT MANIPULATOR 
It is well known that the equation of an n-DOF robot manipulator governed by the following equation [1-2]: 

������ � ���, �	 � 
 �          (1) 
Where τ is actuation torque, M(q) is a symmetric and positive define inertia matrix, ��
, 
	 � is the vector of 
nonlinearity term. This robot manipulator dynamic equation can also be written in a following form: 

� 
 ������ � ������	  �	 � � ������	 �� � ����  (2) 

Where B(q) is the matrix of coriolios torques, C(q) is the matrix of centrifugal torques, and G(q) is the 
vector of gravity force. The dynamic terms in equation (2) are only manipulator position. This is a 
decoupled system with simple second order linear differential dynamics. In other words, the component 
�  
influences, with a double integrator relationship, only the joint variable
�, independently of the motion of the 
other joints. Therefore, the angular acceleration is found as to be [2, 15-22]: 
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�� 
 ������. �� � ���, �	 ��  (3) 

This technique is very attractive from a control point of view. Figure 1 shows the 2 DOF’s robot 
manipulator. 

 

FIGURE 1: 2 DOF robotic manipulators 

 
3. FUZZY INFERENCE SYSTEM 
In recent years, artificial intelligence theory has been used in CTC systems. Neural network, fuzzy logic, 
and neuro-fuzzy are synergically combined with nonlinear classical controller and used in nonlinear, time 
variant, and uncertainty plant (e.g., robot manipulator).  After the invention of fuzzy logic theory in 1965 by 
Zadeh [10], this theory was used in wide range area. Fuzzy logic controller (FLC) is one of the most 
important applications of fuzzy logic theory. This controller can be used to control of nonlinear, uncertain, 
and noisy systems. This method is free of some model-based techniques that used in classical controllers. 
It should be mentioned that fuzzy logic application is not only limited to the modelling of nonlinear systems 
[11-15] but also this method can help engineers to design easier controller. 
 

The main reasons to use fuzzy logic technology are able to give approximate recommended solution for 
unclear and complicated systems to easy understanding and flexible. Fuzzy logic provides a method which 
is able to model a controller for nonlinear plant with a set of IF-THEN rules, or it can identify the control 
actions and describe them by using fuzzy rules. Besides using fuzzy logic in the main controller of a control 
loop, it can be used to design adaptive control, tuning parameters, working in a parallel with the classical 
and non classical control method [11]. However the application area for fuzzy control is really wide, the 
basic form for all command types of controllers consists of; 

• Input fuzzification (binary-to-fuzzy[B/F]conversion)  

• Fuzzy rule base (knowledge base) 

• Inference engine 
• Output defuzzification (fuzzy-to-binary[F/B]conversion). 

The basic structure of a fuzzy controller is shown in Figure 2.  
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FIGURE 2: Block diagram of a fuzzy controller with details. 

 

4. DESIGN OF A COMPUTED TORQUE CONTROLLER FOR ROBOT ARM 
The central idea of Computed torque controller (CTC) is feedback linearization so, originally this algorithm 
is called feedback linearization controller. It is assumed that the desired motion trajectory for the 
manipulator �����, as determined, by a path planner. Define the tracking error as: 

���� 
 ����� � �����  (4) 
Where e(t) is error of the plant, ����� is desired input variable, that in our system is desired displacement, 
����� is actual displacement. If an alternative linear state-space equation in the form  	 
 ! � �" can be 
defined as 
 

 	 
 #$ %
$ $&  � #$

%& "       (5) 

                                            

With " 
 �������. ���, �	 � � ������. � and this is known as the Brunousky canonical form. By equation 
(4) and (5) the Brunousky canonical form can be written in terms of the state  
 ��' �	 '�' as: 

�
�� #�

�	 & 
 #$ %
$ $& . #�

�	 & � #$
%& " 

(6) 

                  
With  U 
 q� * � M�,�q�. �N�q. q	 � � τ� (7) 

 
Then compute the required arm torques using inverse of equation (7), namely, [2] 

� 
 �������� � "� � ���	 , �� (8) 
                        
This is a nonlinear feedback control law that guarantees tracking of desired trajectory. Selecting 
proportional-plus-derivative (PD) feedback for U(t) results in the PD-computed torque controller; [1-2]; [6]; 
[7-8] 

� 
 ����/�� � � 01�	 � 02�3 � ���, �	 � (9) 

and the resulting linear error dynamics are 

/�� � � 01�	 � 02�3 
 $ (10) 

According to linear system theory, convergence of the tracking error to zero is guaranteed [2, 9]. 
Where 02 and 01 are the controller gains.  

The resulting schemes is shown in Figure 3, in which two feedback loops, namely, inner loop and outer 
loop, which an inner loop is a compensate loop and an outer loop is a tracking error loop. However, mostly 
parameter ���, �	 � is all unknown. So the control cannot be implementation because non linear parameters 
cannot be determined. In the following section computed torque like controller will be introduced to 
overcome the problems.  
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5.  FUZZY LOGIC AND ITS APPLICATION TO COMPUTED TORQUE CONTROLLER 
As mention previously, computed torque fuzzy controller (CTFC) is fuzzy controller based on computed 
torque method for easy implementation, stability, and robustness. The main drawback of CTFC is the 
value of gain updating factor 02 �4� 01 must be pri-defined very carefully and the most important 

advantage of CTFC compare to pure CTC is a nonlinearity dynamic parameter. It is basic that the system 
performance is sensitive to the gain updating factors for both computed torque controller and computed 
torque fuzzy controller application. For instance, if large value of 05 is chosen the response is very fast but 
the system is very unstable and conversely, if small value of 05 considered the response of system is very 
slow but the system is very stable. Therefore, calculate the optimum value of gain updating factors for a 
system is one of the most important challenging works. However most of time the control performance for 
FLC and CTFC is similar to each other, but CTFC has two most important advantages: 
The number of rule base is smaller 
Increase the robustness and stability 
In this method the control output can be calculated by 

6 
 67 � 689::;�<� (11) 

 
Where � =the nominal compensation is term and �>?@@A�B� is the output of computed torque fuzzy controller.  

The most important target in fuzzy computed torque controller (FCTC) is design computed torque control 
combined to fuzzy logic systems to solve the problems in classical computed torque controller [9, 15-19]. 
To compensate the nonlinearity of nonlinear dynamic part several researchers used model base fuzzy 
controller instead of classical nonlinear dynamic part that was employed to obtain the desired control 
behaviour and a fuzzy switching control was applied to reinforce system performance. In proposed fuzzy 
computed torque controller the author design fuzzy rule base to estimate the dynamic nonlinear part. A 
block diagram for proposed fuzzy computed controller is shown in Figure 4. In this method author obtained 
the following fuzzy rules for linear part to design fuzzy error base-like nonlinear dynamic parameter control. 
This rules used instead of nonlinear dynamic equation control to eliminate the nonlinear formulation of 
dynamic equivalent control term [21-22]. 
 
1 D EF G EH �. I JKLM  N  EH �. I 
2 D EF G EH P JKLM N EH P 
 
 
The sliding surface is defined as follows: 

Q 
 ����/�� � � 01�	 � 02�3 (12) 

 

 

 
FIGURE 3: Block diagram of PD-computed torque controller (PD-CTC) 



Farzin Piltan, N. Sulaiman, Amin Jalali & Fereshteh Danesh Narouei 

International Journal of Robotic and Automation (IJRA), Volume (2): Issue (4) : 2011                                                         237 

Based on classical computed torque controller for a multi DOF robot manipulator: 
�7 
 �74R4ST4��U � �ST4 (13) 

where, the model-based component N̂WXWY�WZ[\  compensate for the nominal dynamics of systems. So 
N̂WXWY�WZ[\  can calculate as follows: 

�74R4ST4��U 
 �����	 �	 � �����	 � � ]��� (14) 

and �ST4 can calculate as follows: 

�ST4 
 ����/�� � � 01�	 � 02�3 

 

(15) 

 
In proposed FSMC nonlinear control part replaced by Mamdani’s fuzzy inference term, therefore (13) can 
be rewrite as the following equation 

�7 
 �>?@@A � �ST4 (16) 

Design fuzzy logic controller for FCTC has five steps: 

  

 

FIGURE 3: Block diagram of proposed fuzzy computed torque controller with minimum rule base 
 

Determine inputs and outputs; find membership function and linguistic variable, type of membership 
function, fuzzy rule table, and defuzzification. This controller has one input �G� and one output (N^_``a).  

The input is linear part �G� and the output is torque/N^_``a3. The  linguistic variables for linear part �G� are; 

Negative Big(NB), Negative Medium(NM), Negative Small(NS), Zero(Z), Positive Small(PS), Positive 
Medium(PM), Positive Big(PB), and it is quantized in to thirteen levels represented by: -1, -0.83, -0.66, -

0.5, -0.33, -0.16, 0, 0.16, 0.33, 0.5, 0.66, 0.83, 1, and the linguistic variables to find the torque /N^_``a3 are; 

Large Left(LL), Medium Left(ML), Small Left(SL), Zero(Z), Small Right(SR), Medium Right(MR), Large 
Right(LR) and it is quantized in to thirteen levels represented by: -85, -70.8, -56.7, -42.5, -28.3, -14.2, 0, 
14.2, 28.3, 42.5, 56.7, 70.8, 85. The triangular membership function selected in this paper that can be 
shown in Figure 5. Design the rule base of fuzzy logic controller can play important role to design best 
performance FCTC. The complete rule base for this controller is shown in Table 1.  

 

 

 

 



Farzin Piltan, N. Sulaiman, Amin Jalali & Fereshteh Danesh Narouei 

International Journal of Robotic and Automation (IJRA), Volume (2): Issue (4) : 2011                                                         238 

TABLE 1: Rule table for proposed FCTC 

Q NB NM NS Z PS PM PB 

� LL ML SL Z SR MR LR 

 

The final step to design fuzzy logic controller is deffuzification , there are many deffuzzification methods in 
the literature, in this controller the COG method will be used, which bcd method used the following 
equation to calculate the defuzzification 

�e�� f, Af� 

∑ "T ∑ . h?� f, Af, "T�U

ij�T
∑ ∑ . h?� f, Af, "T�U

ij�T
  (17) 

 

However, pure FLC, CTC, FCTC, and CTFC used in wide range but they have common limitation to adjust 
several factors, that the next section is discussed about self tuning the scale factor without using fuzzy rule 
base. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. DESIGN OF SELF TUNING FUZZY COMPUTED TORQUE CONTROL (AFCTC) 
FOR ROBOT ARM 

It is a basic fact that the system performance in FCTC is sensitive to gain updating factor, K. Thus, 
determination of an optimum K value for a system is an important problem. If the system parameters are 
unknown or uncertain, the problem becomes more highlighted. This problem is solved by adjusting the 
proportional and derivative gain updating factor of the computed torque controller continuously in real-time. 
Several researchers are worked on adaptive computed torque control and their applications in robotic 
manipulator in the following references [1-2]; [7-8].  In this way, the performance of the overall system is 
improved with respect to the classical computed torque controller. Therefore this section focuses on, self 
tuning gain updating factor for two type most important factor in FCTC, namely, proportional gain updating 
factor (0k) and derivative gain updating factor (01 ).  Self tuning-FCTC has strong resistance and solves 
the uncertainty problems. The block diagram for this method is shown in Figure 6. 
In this controller the actual gain updating factor (04�l) is obtained by multiplying the old gain updating 
factor (0RS�� with the output of supervisory fuzzy controller�m�. The output of fuzzy supervisory controller 
�m� is calculated on-line by fuzzy dynamic model independent which has sliding surface (S) as inputs.. The 
value of  m is not longer than 1 but it calculated on-line from its rule base. The scale factor, Kv and Kp are 
updated by equations (18) and (19),  

01
4�l 
 01

RS� n 0"                                                                                                                   (18) 

 

02
4�l 
 02

RS� n 0"                                                                                                                  (19) 

 
 

FIGURE  5: Membership function: a) sliding surface b) torque 
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FIGURE 6: Block diagram of proposed self tuning fuzzy computed torque controller with minimum rule base in fuzzy 
nonlinear part and fuzzy supervisory. 

 

7. SIMULATION RESULT 
PD-Classical computed torque controller (PD-CTC), PD-fuzzy computed torque controller (PD-FCTC), and 
PD-self tuning fuzzy computed torque controller (PD-STFCTC) are implemented in Matlab/Simulink 
environment. Tracking performance, disturbance rejection and error are compared. 
 
7.1 Tracking Performances:  
From the simulation for first and second trajectory without any disturbance, it was seen that PD-STFCTC, 
PD-CTC and PD-FCTC have the same performance. This is primarily because this system is worked on 
certain environment. The STFCTC gives significant trajectory good following when compared to FCTC. 
Figure 7 shows tracking performance without any disturbance for STFCTC, PD-CTC and PD-FCTC. 
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By comparing step response trajectory without disturbances in PD-CTC, PD-FCTC and PD-STFCTC it is 
found that the STFCTC’s overshoot (0%) is lower than FCTC's (1%) and CTC’s (6.4%), although all of 
them have about the same rise time; CTC (0.403 sec), FCTC and STFCTC (0.5 sec).  
 
7.2 Disturbance Rejection 
Figure 8 has shown the power disturbance elimination in PD-CTC, PD-FCTC and PD-STFCTC. The main 
target in these controllers is disturbance rejection as well as the other responses. A band limited white 
noise with predefined of 40% the power of input signal is applied to the Step CTC, FCTC and STFCTC. It 
found fairly fluctuations in CTC and FCTC trajectory responses. As mentioned earlier, CTC works very well 
when all parameters are known, this challenge plays important role to select the AFCTC as a based robust 
controller.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

FIGURE 7: Step PD-CTC, PD-FCTC and PD-STFCTC for First and second link trajectory. 
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Among above graph relating to Step trajectory following with external disturbance, PD-CTC and PD-FCTC 
have fairly fluctuations. By comparing some control parameters such as overshoot and rise time it found 
that the STFCTC's overshoot (0%) is lower than FCTC's (8%) and CTC’s (4%), although all of them have 
about the same rise time; CTC (0.403 sec) and FCTC and STFCTC (0.5 sec).  
 
7.3 Calculate Errors 
The values of RMS and steady state errors for various controllers are tabulated in tables 2 and 3. 
 

8. CONCLUSION 
This paper presents a new methodology for designing s self tuning fuzzy computed torque controller with 
minimum rule bases and high performance for 2 DOF robotic manipulator. From the simulation, it found 
that self tuning-FCTC has 7 rule base for supervisory and 7 rule base for main controller but in previous 
design by the other researcher has about 49 rules for supervisory and 49 rules for main controller because 
it has 2 inputs for main controller (PD) and also it has 2 inputs for supervisory controller (L, oMp L	�therefore 
proposed method is easy to implement. The classical CTC works very well when all parameters are 
known. In self tuning FCTC, the fuzzy supervisory controller can changed qr & qt  to achieve the best 

performance and in this method the supervisory controller is changed the gain updating factor of main 
FCTC to get the best performance. In one word the implementation of self tuning FCTC is easier than the 
previous method with more rule base and this reason plays important role in system controller.  
 
 
 
 
  
 

 

 
FIGURE 8: Step PD-CTC, PD-FCTC and PD-STFCTC for First and second link trajectory with external 

disturbances. 
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TABLE 2: Three types of controllers summaries without disturbance. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Setup input 

without 

disturbance 

 

Overshoot% 

 PD-CTC PD-FCTC PD-STSCTC 

First link 6.44% 1 % 0 

Second link 6.44% 1% 0 

 uTB� �Tv��B�w� (Tr) 

PD-CTC PD-FCTC PD-STSCTC 

First link 0.403 0.5 0.5 

Second link 0.403 0.5 0.5 

 Steady state error 

PD-CTC PD-FCTC PD-STSCTC 

First link -3.6e-5 4e-5 0 

Second link -2.54e-5 4e-5 0 

 B���ST4] �Tv��B�w� (Ts) 

PD-CTC PD-FCTC PD-STSCTC 

First link 0.9 0.76 0.65 

Second link 0.9 0.76 0.60 

 RMS error 

PD-CTC PD-FCTC PD-STSCTC 

RMS error -1.34e-5 1.5e-5 0 
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TABLE 3: Three types of controllers summaries with external disturbance. 
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Abstract 

 
Kinematics for robotic systems with many degrees of freedom (DOF) and high redundancy are 
still an open issue. Namely, computation time in robotic applications is often too high to reach 
good solution, for parts of the kinematic chain; the problem of inverse kinematics is not linear, as 
rotations are involved. This means that analytical solutions are only available in limited situations. 
In all other cases, alternative methods will have to be an employed.The most-used alternative is 
numerical solutions optimization. This paper presents a strategy based on combine’s analytical 
solutions with nonlinear optimization algorithm solutions to solution the IKP. A analytical solutions   
is used to reduce the size of problem from seven variable of joint angle to single variable and 
nonlinear optimization algorithm was used to find approximate solution which make the 
computation time is very small 
 
Keywords: Inverse Kinematic, Human Arm, Levenbrge Marquite. 

 
 
1. INTRODUCTION  
Kinematics is the study of motion without regard to the forces that create it. The representation of 
the robot’s end-effecter position and orientation through the geometries of robots (joint and link 
parameters) are called forward Kinematics.[1].The forward kinematics is a set of equations that 
calculates the position and orientation of the end-effector in terms of given joint angles. This set 
of equations is generated by using the D-H parameters obtained from the frame assignation. 
[2].The inverse kinematics problem (IKP) for a robotic manipulator involves obtaining the required 
manipulator joint values for a given desired end-point position and orientation. It is usually 
complex due to lack of a unique solution and closed-form direct expression for the inverse 
kinematics mapping. [3]. 
 
Forward kinematics can be formulated for all serial manipulators. However, with increasing  
degrees-of-freedom (DOF), these solutions become extremely complex and possibly 
computationally inefficient. Inverse position solutions are however only possible for non-
redundant robots that have a finite number of solutions. For redundant systems, inverse 
kinematics leads to an infinite number of solutions and numerical approaches are the best to be 
used. Additionally, decision-making and optimization becomes important for redundant system 
inverse kinematics [4]. 
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Kinematics of the human body is concerned with formulating and solving for the translational and 
rotational position, analysis problems for each human body segment of interest, for various real 
world motions. Forward kinematics calculates the pose (position and orientation) of each human 
body segment of interest given the joint angles. The forward kinematics is the problem of finding 
an end-effector or tool pose from a set of given  joint angles. Inverse kinematics calculates the 
required joint angles given the current human body (or portion thereof) pose. Statics requires the 
positions and angles of each segment for static free-body diagrams[1]. 
 
Several inverse kinematics algorithms have been proposed. The latest approach dealing with 
inverse kinematics using nonlinear optimization solution for IKP by  Sugihara [5]he use  
Levenberg-Marquardt method with robust damping with n variable depend on problem which may 
take long time . 
 
In order to describe a kinematic chain, we are going to view the rotations performed by the joints 
of a chain separately from the setup of the chain, i.e. length of links,position and orientation of 
joints, etc , In the space, translation and rotation can be expressed by homogeneous 
transformation matrices. In the 3D Euclidean 
 
 
 
 
 

 

 

 

 

 

 
      
space, these take the form of 4 × 4 matrices which can be concatenated simply by matrix 
multiplication. Since it is essential to combine the frame transitions with other translations and 
rotations, foremost the rotations performed by the joints, the rotation matrices and translation 
vectors have to be transformed to homogeneous transformation matrices To transform a 3 × 3 
rotation matrix or a 3 × 1 translation vector into homogeneous transformation matrices, they are 
positioned in a 4 × 4 matrix where the remaining entries are filled with the identity matrix. A 
rotation matrix R replaces the upper left part of the 4 × 4 matrix, a translation vector T replaces 
the three upper entries of the last column[6]: 
 
                                                                                                                        
 
 
 
 
 
                                                                                                                                                       (1) 
 
 
 
 
 
 

   

                        

 

 
FIGURE 1. The relation between two consecutive coordinates 
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As demonstrated, a single homogeneous transformation matrix can be equipped with both a 

translational and a rotational part. This enables a composition of the rotations performed by the 

joints and the frame transitions caused by the nature of the kinematic chain. 

 

                                                           (2) 

 
The kinematic analysis of an n-link manipulator can be extremely complex and the conventions 
introduced below simplify the analysis considerably. Moreover, they give rise to a universal 
language with which robot engineers can communicate. A commonly used convention for 
selecting frames of reference in robotic applications is the Denavit-Hartenberg, (DH) convention. 
In this convention, each homogeneous transformation Ai is represented as a product of four basic 
transformations[7].where the four quantities θi  αi,  ai, di, are parameters associated with link ( i ) 
and joint ( i ). The four parameters ai, αi, di, and θi in equation(2) are generally given the names  
link length, link twist, link offset, and joint angle, These names are derive from specific aspects of 
the geometric relationship between two coordinate frames, as will become apparent below. Since 
the matrix Ai is a function of a single variable, it turns out that three of the above four quantities 
are constant for a given link, while the fourth parameter, θi for a revolute joint and di for a 
prismatic joint, is the joint variable. 
 
In order to obtain a systematic representation of the workspace produced by the motion of a point 
of interest (typically called a point on the end-effector), we will use the (D-H) method adopted 
from the field of robotics [8]. 
 
Let Zi-1 and Zi represent fixed axes at either end of link i-1, about which or along which links i-1 
and i move, respectively. Let axes Xi-1 be defined from Zi-1 to Zi and perpendicular to both. Let Yi-1 
represent the unique axis that together with Xi-1 and Zi-1 completes a right-hand Cartesian 
coordinate system. Let Zi represent a vector from Oi-1 parallel to Zi . Let Xi-1 a vector from Oi 
parallel to Xi-1 as illustrated in Fig.1. 
 
Note that the four parameters   θi  αi,  ai, di, completely define the relation between any two 
consecutive frames. These values are entered in a table, which is typically known as the DH 
Table. The overall Denavit-Hartenberg  respectively coordinate transformation matrix from frame i 
coordinate system relative to the frame i-1 coordinate system is then given by matrix Ai same as 
equation(2). 
 
From above, it is clear that the position and orientation of the manipulator end effecter are 
obtained based on the joint displacements. The joint displacement corresponding to a given end 
effecter location is obtained by solving the inverse kinematics equations. Hence here, we are 
concerned not only with the final position of the end effecter, but also with the velocity with which 
the end effecter moves. describes the kinematics of the manipulator and it maps the joint vector 
into the end effecter position vector.                                    

 
2. STRUCURE AND KINEMATIC OF HUMAN ARM 
The development of a high-DOF, kinematic is discusses human model that can be used to predict 
realistic human arm postures. one may deal with anthropomorphic arm by 7-DOF and assume 
the origin at shoulder joint. The first joint is the shoulder joint s with 3 DOFs. The elbow joint e has 
only one DOF. The wrist joint w is of the same type as the shoulder joint s and also has 3 DOFs. 
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Note that the arrow at the end of the chain indicates the end effectors orientation and is not 
another link. It can be focused on a kinematic chain that is formed after a human arm. This 
means the kinematic chain has 3 joints with spherical joints as shoulder and wrist joint and a 
hinge joint as the elbow joint. The spherical joints have 3 DOFS while the hinge joint has only one 
DOF, giving a total of 7 DOFs for this kinematic chain, see Fig.2. The homogeneous 
transformation matrices for the frame transitions are set up with D-H parameters [9]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Frame 

(joint) 

qi(rad) di(cm) ai(cm) αi(rad) 

1 q1 0 0 π/2 

2 q2+ π/2 0 0 π/2 

3 q3 0 0 -π/2 

4 q4 0 L4 π/2 

5 q5 0 L5 -π/2 

6 q6- π/2 0 0 -π/2 

7 q7 0 0 -π/2 

 

 

TABLE.1 Numeric  Value for  D-H Parameters 

 

 

 

 

 

 

 
 

 

FIGURE 2.  Kinematic chain of human arm 
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,  

,  

 
 

 
It has following transformation matrices where 'c' is cosine of theta and 's' is sin of theta, The 
forward kinematic represents by T  

 
  

 

                                                                                                                                               (3) 

 

3. PROPSED METHOD OF INVERSE KINEMATICS  
 
3.1 Analytical Section 
The IK will be considered now. The proposed algorithm can be explain in the following: 
Step one: In first we find  because it depend on posture of arm  , tg represent the distance 
between start point and target point as shown in fig .2 , according to kinematics equation  

                                                                  (4) 
and    from the fig .2 

                                                     (5)              

Then                                                                 (6)     

Step 2: In this step find :  have similar form as shown  
                                                       (7) 

                                                           (8) 
Rearrangement dx and dz 
-  

 
                                                                         (9) 

                                             (10) 
Sub   in eq 7 and 8 to get  

                                                               (11) 
                                                               (12)        

                                                                                   (13)                       

                                                                                                   (14) 
Sub eq 13 and 14 in eq 11 and 12 

                                    (15) 
                                        (16) 

Rearrangement eq 15 and 16 

 

 
Using triangular formula of sinusoidal  

                                                            (17) 
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                                                            (18)          
Divide eq 17 by eq 18 to get 

)                                                                  (19)         

from this derivative we find the value of   which depended on   

                                      (20)        

Step 3: In this step find  : from eq 17 the value of r is found 

                                                                         (21)                 

Eq 9  is equal to eq 13  

 
Therefore  can be found  

                                                                  (22) 

Step 4: In this step find  : By compare   dy  with  
                                          (23) 

Rearrangement  and dy  
                                          (24) 

                                    (25) 
Let  

                                                                       (26) 

                                                                            (27)                          
Which all coefficient are specified, sub eq 26 and in 27 in eq 25 and 26  

                                                                   (28)   
                                                                (29) 

Solving eq 28 and 29 using matrix inversion 

                                                         (30)                                      

                                                       (31) 

Let 

                                                        (32) 

Then 
                           (33) 
                                                                              (34) 

From latest equations we get   

                                                    (35) 

After these procedure   are found  
In next steps we find ,    In eq 3  ,    is specified  ,to find  

  apply  
                      (36) 

 
Step 5: In this step find  :  from eq 37  

                                             (37) 

And from from given DH parameter 

                   (38) 

By comparing eq 38 and eq 39 we get 
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                                                                         (39)  
then    
                                                                            (40) 
Step 6: In this step find  : by comparing eq 37 and eq 38 we get 

                                                                        (41) 
                                                                     (42) 

then  dived eq 42 by eq 41 to obtain   

                                                                               (43) 

                                        (44) 

Step 6: In this step find  : by comparing eq 37 and eq 38 we get 
                                                                     (45) 

                                                                    (46) 

                                           (47) 

From previous derivative we make all angle ( )  in term single angle   
therefore the our problem convert from multivariable to one variable which reduce the time 
required to find the solution .until last step analytical solution is performed. 
 
3.2 . Optimization Section 
Now the non linear optimization solution is performed depend on seven angle which depend on 
single angle  therfor the next problem has single varaible .The robot kinematics is 
mathematically represented by a set of constraints on the joint displacement vector   = [  1   2 · · 

 7]
T
 ,where 7 is the degree of freedom. A positional constraint is represented as  

                                                                         (48) 
Where  
The vector  depended on the value of  from provieus procdure  
  Target position in the space.  

  Calculated position as function of joint space 
 
For an orientation constraint, 

                                                                            (49) 
 Target orientation in the space.  

  Calculated orientation as function of joint space 
In both cases, the residual vector e(q) can be defined as 

                                                      

                                                                                        (50) 
 

Where                              (51) 

 

                                 (52) 

                                                                     (53) 

Our interest starts from solving the following nonlinear  
Equation:  
  
e( )=0                                                                                (54) 
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The conventional IK based on NR tries to find  = 
 * 

which satisfies Eq.(54) by the following 
update rule  
 

                                                      (55) 
Where 
                                                                     (56) 
 After introduce both analytic and non linear optimization   the IK solution will be considered now. 
The explanation of solution for the kinematic chain introduced in the previous section is present. It 
required minimizing the error between the target transformation matrix and calculated 
transformation matrix ,the problem can be formularizing as optimization problem as following: 
Minimize  

                               (57) 

 

4. OPTIMIZATION PROBLEM 
For optimization of a reference joint angle configuration regarding the similarity measure, one can 
use the Levenberg-Marquardt algorithm. The algorithm, which was first introduced in [10], 
provides a standard technique for solving nonlinear least squares problems by iteratively 
converging to a minimum of function expressed as sum of squares. Combinating the Gauss-
Newton and the steepest descent method, the algorithm unites the advantages of both methods. 
Hence,using the LM method, a more robust convergence behavior is achieved at points far from 
a local minimum, while a faster convergence is gained close at a minimum. Due to its numerical 
stability, the LM method has also become a popular tool for solving inverse kinematics problems 
as demonstrated in [11] 
 

5. LEVENBERG-MARQUARDT ALGORITHM 
The Levenberg–Marquardt method uses the second-order derivatives of the mean squared error, 
so that better convergence behavior is observed [12]. It is assumed that function f ( ) and its 
Jacobean J are known at point [ ]. The aim of the Levenberg–Marquardt algorithm is to compute 
the variable vector[ ] such that  
 

                                                                       (58) 
   
is minimum[13]. It offers an efficient technique that combines regularization with second-order 
training. It capitalizes on the squared error function  
 

                                                             (59) 
 
Where   function of variable and target and uses an efficient approximation to the Hessian 
[14] the Hessian matrix can be approximated as  
 

                                                                               (60) 
 
and the gradient can be computed as 
 

                                                                               (61)     
 
The Levenberg–Marquardt algorithm uses this approximation to the Hessian matrix in the 
following Newton-like update: 
 

                                             (62) 
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where J contains first derivatives of the function errors with respect to the variables, I is the 
identity matrix.When the scalar  is zero, this is just Newton’s method, using the approximate 
Hessian matrix. When  is large, this becomes the gradient descent with a small step size. 
Newton’s method is faster and more accurate near an error minimum, so the goal is to shift 
toward Newton’s method as quickly as possible. Thus,  is decreased after each successful step 
(reduction in performance function) and is increased only when a tentative step increases the 
performance function. In this way, the performance function will always be reduced at each 
iteration of the algorithm[15].In this paper Eq (62) replaced with  
 

                             (63) 
 
Where 
 V,S singular value decomposition of J . 
     c constant is chosen to avoidance the singularity problem,. 
 

6 . EXPERIMENTAL RESULTS 
Several experiments were conducted to validate the derived inverse kinematics algorithm. An 
experiment was conducted to check the correctness of the proposed method derived in Section 4, 
with reachable positions and orientations.  
In t experiment y=13 cm   and z=23 cm  while x is vary from 25 cm to 30 cm with rotation matrix 
 

 

 
Table 2 shows  the norm error and the computation time in proposed method , LM Algorithm and 
Sugihara method , experiment results show that the derived inverse kinematics provide lower 
error with minimum time with respect to other method because the optimization problem with one 
variable as shown  solutions in this experiment.    
 
  
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
Through the simulation it notice that, the error of LM Algorithm and Sugihara method increased 
with the time because the error at each step will effect on the error of next step ,this will make the 
error will be accumulative. In the proposed method the difference between actual joints angles 

TABLE. 2 Computation Time and the Error of simulation result of the targets for experiment 
result with x vary from 25 to 30 

x Error performance index 
e( ) 

Computation Time  
(sec)  

LM Algorithm Sugihara 
Method 

proposed 
Method 

LM 
Algorithm 

Sugihara 
Method 

proposed 
Method 

25 0.6694     0.6692     0.0005 0.0585 0.0992 0.0139 

26 0.6801 0.6801 0.0004 0.0505 0.0995 0.0093 

27 0.6937 0.6933 0.0004 0.0515 0.0986 0.0111 

28 0.7091 0.7091 0.0003 0.0512 0.0983 0.0115 

29 0.7274 0.7272 0.0003 0.0504 0.1000 0.0141 

30 0.7477 0.7474 0.0003 0.0516 0.0985 0.0118 
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and their desired approximately zero, this lead to make the error will not increase with the time. 
The reason behind the good result of proposed method that, it was near to the perfect solution 
due to the derivation of equation of human arm and take the advantage of the geometric relations 
between the equation of human arm. Therefore to find the desired angle only a small 
displacement in this geometric relations to get the required angles, this make the proposed 
method provide minimum error and lower time with respect to Sugihara method. The computation 
time of proposed method is lower than other methods due to using single variable in the search 
instead the seven variables, 
  

CONCULSION  
In this paper, a strategy based on combines an analytical solution with nonlinear optimization 
algorithm solutions was proposed to solution the IKP. A analytical solutions  was used to reduce 
the size of problem from seven variable of joint angle to one variable nonlinear and optimization 
algorithm was used to find approximate solution .Combining these method can remedy the 
weakness of each other, by take the advantage of analytical solutions which provides the correct 
joint angles for manipulation of the arm end-effectors to any given reachable position and 
orientation with nonlinear optimization method  which find the approximate solution when no 
exact solution is provide. Sufficient and necessary criteria were provided to determine whether 
correct solutions existed using forward kinematics. The minimization of the distance between the 
end effecter and a prescribed Cartesian point is the natural constraint which has been used to 
reach a solution the proposed method for solving the IKP is that it can be extended to any robotic 
manipulator, given a set of operation space and joint space parameter values. From the 
simulation it concluded that, the new method is introduced with minimum error and lower 
computational time are achieved 
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Abstract 

This paper presents an algorithm to solve the inverse kinematics for a six degree of freedom (6 
DOF) manipulator robot with wrist offset. This type of robot has a complex inverse kinematics, 
which needs a long time for such calculation. The proposed algorithm starts from find the wrist 
point by vectors computation then compute the first three joint angles and after that compute the 
wrist angles by analytic solution. This algorithm is tested for the TQ MA2000 manipulator robot as 
case study. The obtained results was compared with results of rotational vector algorithm where 
both algorithms have the same accuracy but the proposed algorithm saving round about 99.6% of 
the computation time required by the rotational vector algorithm, which leads to used this 
algorithm in real time robot control. 
 
Keyword: Manipulator Robot, Inverse Kinematics, DOF. 

 

1. INTRODUCTION 
A robotic manipulator (arm) consists of a chain of links interconnected by joints. There are 
typically two types of joints; revolute joint (rotation joint) and prismatic joint (sliding). It would be 
desirable to control both the position and orientation of a end-effecter or work piece, located at 
the tip of the manipulator, in its three-dimensional workspace. The end-effecter can be 
programmed to follow a planned trajectory, provided relationships between joint variables and 
position and the orientation of the end-effecter are formulated. This task is called the direct 
kinematics problem [1]. 
 
There are some difficulties to solve the inverse kinematics (IK) problem when the kinematics 
equations are coupled, multiple solutions and singularities exist. There are mainly two types of IK 
solution: analytical solution and numerical solution. In the first type, the joint variables are solved 
analytically according to given configuration data. In the second type of solution, the joint 
variables are obtained based on the numerical techniques. However, they are slow in practical 
applications [2]. An Artificial Neural Network (ANN) using backpropagation algorithm is applied to 
solve inverse kinematics problems of industrial robot manipulator. 6R robot manipulator with 
offset wrist was chosen as industrial robot manipulator because geometric feature of this robot 
does not allow solving inverse kinematics problems analytically [3]. 

 

2. DENAVIT-HARTENBERG (DH) PARAMETERS 
A general arm equation that represents the kinematic motion of the manipulator can be obtained 
by systematically assigning coordinate frames for each link. The parameters associated with joint 
k are defined with respect to zk-1, which is aligned with the axis of joint k. The first joint parameter, 
θk is called the joint angle. It is the rotation about zk-1 needed to make xk-1 parallel to xk. The 
second joint parameter, dk is called the joint distance. It is the translation along zk-1 needed to 
make xk-1 intersect with xk see Fig.1. Note that for each joint, it will always be the case that one of 
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these parameters is fixed and the other is variable. The variable joint parameter depends on the 
type of joint. 
 

 

 

FIGURE 1: Joint angle θ and joint distance d 
 

For instance, for a revolute joint, the joint angle θk is variable while the joint distance dk is fixed 
while for a prismatic joint, the joint distance dk is variable and the joint angle θk is fixed [1]. See 
Fig.2. 
 

 
 

FIGURE 2: DH parameters defined for two links of a serial manipulator 
 

3. FORWARD KINEMATIC ANALYSIS 
These industrial robots are basically composed by rigid links, connected in series by joints 
(normally six joints), having one end fixed (base) and another free to move and perform useful 
work when properly end-effecter. As with the human arm, robot manipulators use the first three 
joints (arm) to position the structure and the remaining joints (wrist, composed of three joints in 
the case of the industrial manipulators) are used to orient the end-effecter. There are five types of 
arms commonly used by actual industrial robot manipulators: Cartesian, cylindrical, polar, SCARA 
and revolution [4].  The TQ MA2000 is considered in this work, it has 6 degree of freedom (DOF), 
one per each joint which means that each joint can be represented by a independent variable θn 
given that each joint is actuated, i.e. in this case each link has its own servo motor acting on it. 
Robot manipulator is an open kinematic chain whose joint positions can be defined by a vector of 
six single variables θn and the number of joints equals the number of degrees of freedom. Recall 
that the number of DOF is the number of independent position variables that should be specified 
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in order to completely define a pose for the manipulator. It defines in how many ways the robot is 
able to move. In practice, to cover the entire 3D workspace with a 3-component orientation 
vector, six degrees of freedom are sufficient. Table I shows the DH parameters whole set of 
Kinematic parameters for the TQ MA2000 Robot. See Fig.2 The graphic representation of the TQ 
MA2000 robot is shown in Fig.3 

 
Link i Length ai(cm) Twist Angle αi Offset di (cm) Joint angles θi 

1 0 π/2 26 θ 1 
2 23 0 0 θ2 
3 24 0 0 θ3 
4 0 π/2 5 θ4 
5 0 π/2 4.4 θ5 
6 0 0 8 θ6 

 
TABLE 1: Complete DH parameter table for the TQ MA2000 6-DOF manipulator shown in Fig. 2 

 

 
 
 

FIGURE 3:  Graphic Represent of TQ MA2000 robot 
 

The arm motion can be represented by transformation matrix as follow  
 

Arm motion =           (1) 

 

Where,  represent the transformation matrix from i
th
 location to j

th
 location. And   ( ) is 

the orientation and position of the arm with respect to the base coordinate frame, depend on the 
first three joint angles . And the wrist motion can be represented by the transformation 

matrix from wrist to end-effecter as follow. 
 

Wrist motion =          (2) 

 

And    ( ) is the orientation and position of the grip of the wrist with respect to the 

third link coordinate frame, depend on the last three joint angles . Note that  

maps tool-tip coordinates into roll coordinates,  maps roll coordinates into yaw coordinates, 

and  maps yaw coordinates into wrist pitch coordinates. Thus the composite transformation 

 maps end-effecter coordinates into wrist coordinates. Similarly   maps wrist 

coordinates into elbow coordinates,  maps elbow coordinates into shoulder coordinates, 

and  maps shoulder coordinates into base coordinates. Thus the composite transformation 

 maps wrist coordinates into base coordinates. The general solution can be 

expressed as: 
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[Total motion] =  [arm motion] [wrist motion]       (3) 
 

Using the D-H method, the end-effector position can be written as: [1]. 
  

=  (4) 

 

The homogenous transformation matrix of the  which include the rotation matrix (3x3) and 

position vector (3x1) which given by equation (5) may be given as 
 

           (5) 

 
The upper left 3x3 matrix, R, specifies the orientation of the end-effecter, while the 3 x 1 upper 
right sub matrix P specifies the position of the end-effecter. Thus, in the direct kinematic solution, 

for any given value of the joint angles θ, the arm matrix can be evaluated.  

 

4. INVERSE KINEMATIC ANALYSIS 
One of the most fundamental and ever present problems in robotics and computer animation is 
the inverse kinematics (IK). This problem may be stated as follows: given a desired hand position 
and orientation (posture), and the forward kinematics map, find the set of all configurations (joint 
angle vectors) of the robot or animation character that satisfy the forward kinematics map. The IK 
mapping is in general one to many involves complex inverse trigonometric functions, and for most 
manipulators and animation figures has no closed form solutions. Extremely fast IK computation 
is required in computer animation, for real-time applications in fast moving manipulator. Inverse 
kinematics deals with the problem of finding the required joint angles to produce a certain desired 
position and orientation of the end-effecter. Finding the inverse kinematics solution for a general 
manipulator can be a very tricky task. Generally they are non-linear equations. Close-form 
solutions may not be possible and multiple, infinity, or impossible solutions can arise. 
Nevertheless, special cases have a closed-form solution and can be solved [5]. 

 

5. PROPOSED ALGORITHM FOR IK 
The proposed algorithm can be applied directly to robots with shoulder and elbow offset. 
However, wrist offset makes the hand position dependent on all joint angles rather than just the 
first four. This requires dealing with position and orientation simultaneously and entails the 
creation of 6-dimensional workspace which although possible, would substantially increase the 
off-line processing and storage requirements. Manipulators can often be considered to be 
composed of two parts. The first 3 joints form a regional structure whose primary purpose is to 
position the wrist in space. The last 3 joints form the orienting structure whose purpose is to orient 
the hand or grasped object. 
 
5.1 Decompose the Manipulator at the Wrist 
This is the single most important step of the procedure. The spherical wrist makes this possible. 
Find the position of the wrist point, which subsequently is used to solve for the first 3 joint angles. 
The wrist joint angles are then solved to give the correct orientation.  
 
Fig.3 show the robot at reset position (all the joint angles equal zero), the proposed algorithm 
start with specify the required position in (x, y, z) coordinate and orientation angles of pitch, yaw, 
and roll (φp, φy, and φr) angles respectively. Then change the wrist joint angles  

from the zero (reset state) to new values that equal the required orientation angles of pitch, yaw, 
and roll (φp, φy, and φr) angles respectively, the arm joint angles remain unchanged (at reset 
state, i.e. equal zero), then compute the foreword kinematics to compute the resulted position of 
the arm end point (O4) and position of end-effecter (O6) for the robot, find the vector between 
these two points as in equation (6) 
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           (6) 

 
To compute the suitable position of the arm end point to reach the required position use equation 
(6) with that the vector from the origin point  to the required position  is equal to the vector 

from origin base frame  to the arm end point position  sum with the vector V which is from  

to the required position as in equation (7). as shown in Fig. 4 
 

         (7)  

 
Where V is the vector compute by equation (6), and  is the vector from the origin  to the 

required position. The position of the arm end point  is the end of the vector V04. A planar two-

link manipulator often makes up the last two links of the regional structure. 
 

 
 

FIGURE 4: Wrist with setting its angles 
 

The link 4 parameters have been included in the regional structure because they locate the wrist 
point , which will be known relative to . Equation (8) as shown in fig.(5). 

 
         (8) 

 

 
 

FIGURE 5: Vector from  

 

Project the position of the wrist point into the x0, y0 plane, i.e., just select the  coordinates of 

.  
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5.2 Solution for Θ1 
The wrist offset makes the calculation of  more complex, because the  axis is no longer in the 

vertical plane of the upper arm and forearm Figure. When   and the wrist point are projected 

onto the ,   plane, then the angle  from   to   is no longer the same as the angle from  

to the projected wrist point. The projection on the ,  plane is redrawn in Figure for clarity. The 

position of the arm end point at ( , see Fig.5. Then compute  as in equation (9) 

and (10). 
 

           (9) 

 
           (10) 

Where    , and hence for right move then  will be as follow 

                (11) 

 
And for lefty move 
 

        (12) 

 
5.3 Solution For Θ2 And Θ3 
For each solution of  find two set of solution for  , elbow up and elbow down, therefore 

will compute four set of solution of the first three angles that is (left, right, elbow up, elbow down): 
 

         (13) 

Where  , and          

 
The cosine law for link 2 and link 3: 
 

        (14) 

        (15) 

Where          (16) 

Then compute   and   

 
         (17) 

 

          (18) 

 

5.4 The Solution of the Last Three Joints  
It is possible to obtain the following equations from the forward kinematics problem:  
 

           (19) 

         (20) 
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        (21) 

Where Pw is the wrist position and Pa position of arm end point then the rotation part of equation 
(5). 
 
            (22) 

where R is the required orientation of the robot. Translation part of equation (5) 
 

         (23) 

Then               (24) 

 

Where   , and      (25) 

 

     (26) 

 
Solving for orientation angles:  
 

   , and    (27) 

 
5.5 Case Study 
In [6] they use the relative orientation representation by the rotation vector are based on the Euler 
theorem which states that (a displacement of a rigid body with one fixed point can be described 
as a rotation about some axis). And applied this algorithm to solve the inverse kinematics for the 
TQ MA2000 manipulator robot to compute the sets of angles. Consider the required position is (-
25, -10, 50) cm as (x, y, z) with respect to the base coordinate frame. The orientation of the 

gripper rotates (180o, 225o, 135o) degree as  the rotating angle of the gripper about 

pitch , yaw, and roll rotating axis respectively. There are four set of the joint variables (solution) of 
the inverse kinematics of the robot. 
 
Set    = [ θ1 , θ2 , θ3 , θ4 , θ5 , θ6] 
Set 1 = [-162.6436,  -7.8977,  79.7788,  108.1189,     27.6436, 135] 
Set 2 = [-162.6436,  75.8702, -79.7788, -176.0914,     27.6436, 135] 
Set 3 = [   -1.2296,187.8977, -79.7788,     71.8811, -133.7704, 135] 
Set 4 = [    -1.2296, 104.1298,  79.7788,   356.0914, -133.7704, 135] 
 
The structure of the robot for all solution sets(1, 2, 3, 4) are shown in Fig.6 (a-  right elbow down, 
b- right elbow up, c- lefty elbow down, and d- lefty elbow up) respectively.  
The proposed algorithm is solving the same case steady and finds the same results with the 
same accuracy. By using DELL laptop computer with Central Processing Unit (CPU) Intel® 
Core™ 2 Duo with 2.2GHz; the computation time for the proposed algorithm is equal 0.016 
second and the computation time for rotation vectors is equal 3.984 second these less 
computation time is suitable for used the proposed algorithm with real time manipulator robot 
control system.  
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6. CONCLUSION 
By camper this algorithm with the vector rotation algorithm that is used for solve the inverse 
kinematics of the same manipulator robot [6]. They have same accuracy but the computation time 
by proposed method is less than that for the first method to compute all the angles. The 
computation time for the solving of inverse kinematics of the manipulator robot by the proposed 
algorithm is about 0.4% of the computation time that required by use the rotational vector 
algorithm, therefore this algorithm is best to used for real time manipulator robot control system. 
 

 

a          b 

c              d 

FIGURE 6: Drawing of the robot according to set of solution a- set 1 b-set 2 c- set 3 d- set 4 
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