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EDITORIAL PREFACE 
 

Robots are becoming part of people's everyday social lives - and will increasingly become so. In 
future years, robots may become caretaking assistants for the elderly or academic tutors for our 
children, or medical assistants, day care assistants, or psychological counselors. Robots may 
become our co-workers in factories and offices, or maids in our homes. It is the Fifth Issue of 
Volume Two of International Journal of Robotics and Automation (IJRA). IJRA published six times 
in a year and it is being peer reviewed to very high International standards.  
 
The initial efforts helped to shape the editorial policy and to sharpen the focus of the journal. 
Starting with Volume 3, 2012, IJRA appear with more focused issues. Besides normal 
publications, IJRA intends to organize special issues on more focused topics. Each special issue 
will have a designated editor (editors) – either member of the editorial board or another 
recognized specialist in the respective field. 
 
IJRA looks to the different aspects like sensors in robot, control systems, manipulators, power 
supplies and software. IJRA is aiming to push the frontier of robotics into a new dimension, in 
which motion and intelligence play equally important roles. IJRA scope includes systems, 
dynamics, control, simulation, automation engineering, robotics programming, software and 
hardware designing for robots, artificial intelligence in robotics and automation, industrial robots, 
automation, manufacturing, and social implications etc. IJRA cover the all aspect relating to the 
robots and automation.   
 
The IJRA is a refereed journal aims in providing a platform to researchers, scientists, engineers 
and practitioners throughout the world to publish the latest achievement, future challenges and 
exciting applications of intelligent and autonomous robots. IJRA open access publications have 
greatly speeded the pace of development in the robotics and automation field. IJRA objective is to 
publish articles that are not only technically proficient but also contains state of the art ideas and 
problems for international readership.  
 
In order to position IJRA as one of the top International journal in robotics, a group of highly 
valuable and senior International scholars are serving its Editorial Board who ensures that each 
issue must publish qualitative research articles from International research communities relevant 
to signal processing fields. 
   
IJRA editors understand that how much it is important for authors and researchers to have their 
work published with a minimum delay after submission of their papers. They also strongly believe 
that the direct communication between the editors and authors are important for the welfare, 
quality and wellbeing of the Journal and its readers. Therefore, all activities from paper 
submission to paper publication are controlled through electronic systems that include electronic 
submission, editorial panel and review system that ensures rapid decision with least delays in the 
publication processes.  
 
To build its international reputation, we are disseminating the publication information through 
Google Books, Google Scholar, Directory of Open Access Journals (DOAJ), Open J Gate, 
ScientificCommons, Docstoc and many more. Our International Editors are working on 
establishing ISI listing and a good impact factor for IJRA. We would like to remind you that the 
success of our journal depends directly on the number of quality articles submitted for review. 
Accordingly, we would like to request your participation by submitting quality manuscripts for 
review and encouraging your colleagues to submit quality manuscripts for review. One of the 
great benefits we can provide to our prospective authors is the mentoring nature of our review 
process. IJRA provides authors with high quality, helpful reviews that are shaped to assist 
authors in improving their manuscripts.  
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Abstract 

 
Refer to the research, review of sliding mode controller is introduced and application to robot manipulator 
has proposed in order to design high performance nonlinear controller in the presence of uncertainties. 
Regarding to the positive points in sliding mode controller, fuzzy logic controller and adaptive method, the 
output in most of research have improved. Each method by adding to the previous algorithm has covered 
negative points. Obviously robot manipulator is nonlinear, and a number of parameters are uncertain, this 
research focuses on comparison between sliding mode algorithm which analyzed by many researcher. 
Sliding mode controller (SMC) is one of the nonlinear robust controllers which it can be used in uncertainty 
nonlinear dynamic systems. This nonlinear controller has two challenges namely nonlinear dynamic 
equivalent part and chattering phenomenon. A review of sliding mode controller for robot manipulator will 
be investigated in this research.   

 
Keywords: Robotic System, Nonlinear System, Robust Controller, Sliding Mode Controller. 

 

 
1. INTRODUCTION  
There are a lot of control methodologies that can be used for control of robot manipulators. These range of 
various controllers applied from linear to nonlinear, to lots of non-classical non-linear and adaptive non-
classical non-linear. In this paper an attempted has been made to do a review of sliding mode control 
(SMC) for robotics manipulator.  
 



Farzin Piltan, N. Sulaiman, Mehdi Rashidi, Zahra Tajpeikar & Payman Ferdosali 

 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011                                          266 

Non linear control methodologies are more general because they can be used in linear and non linear 
systems. These controllers can solve different problems such as, invariance to system uncertainties, and 
resistance to the external disturbance. The most common non linear methodologies that have been 
proposed to solve the control problem consist of the following methodologies: feedback linearization 
control methodology, passivity-based control methodology, sliding mode control methodology, robust 
Lyapunov-based control methodology, adaptive control methodology, and artificial intelligence- based 
methodology [2]. 
 

Sliding mode controller (SMC) is a powerful nonlinear controller which has been analysed by many 
researchers especially in recent years. This theory was first proposed in the early 1950 by Emelyanov and 
several co-workers and has been extensively developed since then with the invention of high speed 
control devices [19, 21]. The main reason to select this controller in wide range area is have acceptable 
control performance and solve two most important challenging topics in control which names, stability and 
robustness [2; 17; 62]. However, this controller used in wide range but, pure sliding mode controller has 
following disadvantages. Firstly, chattering problem; which can caused the high frequency oscillation of the 
controllers output. Secondly, sensitivity; this controller is very sensitive to the noise when the input signals 
very close to the zero. Last but not the least, nonlinear equivalent dynamic formulation; which this problem 
is very important to have a good performance and it is difficult to calculation because it is depending on the 
nonlinear dynamic equation [63, 25].  
 

Chattering phenomenon can cause some problems such as saturation and heat for mechanical parts of 
robot manipulators or drivers. To reduce or eliminate the chattering, various papers have been reported by 
many researchers and classified in two most important methods, namely, boundary layer saturation 
method and estimated uncertainties method [2, 19, 21-23, 27, 51, 53, 56].  
 

In recent years, artificial intelligence theory has been used in sliding mode control systems. Neural 
network, fuzzy logic, and neuro-fuzzy are synergically combined with sliding mode controller and used in 
nonlinear, time variant, and uncertainty plant (e.g., robot manipulator). The strategies for robotics are 
classified in two main groups: classical and non-classical methods, where the classical methods use the 
mathematical models to control systems and non-classical methods use the artificial intelligence theory 
such as fuzzy logic, neural networks and/or neuro-fuzzy. 
 

 After the invention of fuzzy logic theory in 1965 by Zadeh, this theory was used in wide range applications. 
Fuzzy logic controller (FLC) is one of the most important applications in fuzzy logic theory. This controller 
can be used to control of nonlinear, uncertain systems and transfer expert knowledge to mathematical 
formulation. However pure FLC works in many areas but, it cannot guarantee the basic requirement of 
stability and acceptable performance [53]. Some researchers applied fuzzy logic methodology in sliding 
mode controllers (FSMC) to reduce the chattering and equivalent problems in pure sliding mode controller 
so called fuzzy sliding mode controller [41, 46, 61] and the other researchers applied sliding mode 
methodology in fuzzy logic controller (SMFC) to improve the stability of system that is most important 
challenge in pure FLC [4, 23, 48-50]. 
 

Fuzzy sliding mode controller (FSMC) is a sliding mode controller which combined to fuzzy logic system 
(FLS) to reduce or eliminate the high frequency oscillation (chattering), to compensate the unknown 
system dynamics, and also to adjustment of the linear sliding surface slope. H.Temeltas [46] has proposed 
FSMC to achieving robust tracking of nonlinear systems. C. L. Hwang et al. [8] have proposed a fuzzy 
model based sliding mode control based on N fuzzy based linear state-space. A multi-input multi-output 
FSMC to reduce the chattering and constructed to approximate the unknown system has been presented 
for a robot manipulator [42].  

 
Sliding mode fuzzy controller (SMFC) is a fuzzy logic controller based on sliding mode methodology to 
reduce the fuzzy rules and to refine the stability of close loop system. Research on SMFC is significantly 
growing as their applications, for instance, in control robot manipulator which, have been reported in [4, 23, 
48-50]. H.K.Lee et al. [52] have presented self tuning SMFC to reduce the fuzzy rules, increase the 
stability and to automatically adjusted control parameters. Palm R [23] has proposed SMFC to increase the 
robustness and trajectory disturbance. 
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Another method to intelligent control of robot manipulator is Artificial Neural Networks (ANNS) or Neural 
networks (NNs). It is a parametric nonlinear function and the parameters are the weights of the NNs. It can 
be used in two areas in robotics, namely, control robot manipulator and identification. Neural networks 
control is very effective tool to control robot manipulator when robot manipulators have uncertainty in 
dynamic part. With this method, researcher can design approximate for an unknown dynamical system 
only by knowing the input-output data of systems (i.e., training data) [24-25]. 
 

Adaptive control used in systems whose dynamic parameters are varying and need to be training on line. 
In general states adaptive control classified in two main groups: traditional adaptive method and fuzzy 
adaptive method, that traditional adaptive method need to have some information about dynamic plant and 
some dynamic parameters must be known but fuzzy adaptive method can training the variation of 
parameters by expert knowledge. Combined adaptive method to artificial sliding mode controllers can help 
to controllers to have better performance by online tuning the nonlinear and time variant parameters. F Y 
Hsu et al. [54] have presented adaptive fuzzy sliding mode control, which can update fuzzy rules to 
compensate nonlinear parameters and guarantee the stability robot manipulator controller. Y.C. Hsueh et 
al. [43] have presented self tuning sliding mode controller which can resolve the chattering problem without 
to use of saturation function.  
 

This paper is organized as follows. In section 2, main subject of sliding mode controller and formulation are 
presented. This section covered the following details, classical sliding mode control, classical sliding for 
robotic manipulators, equivalent control and chatter free sliding control. A review of the fuzzy logic system 
and application to sliding mode controller is presented and introduces the description and analysis of 
adaptive artificial sliding mode controller is presented in section 3. In section 4, the conclusion is 
presented. 

 

2   SLIDING MODE CONTROL (VARIABLE STRUCTURE CONTROL) AND THE 
ROBOT MANIPULATOR APPLICATIONS 

Sliding mode controller (SMC) is a powerful nonlinear controller which has been analyzed by many 
researchers especially in recent years. This theory was first proposed in the early 1950 by Emelyanov and 
several co-workers and has been extensively developed since then with the invention of high speed 
control devices [2]. The main reason to opt for this controller is its acceptable control performance in wide 
range and solves two most important challenging topics in control which names, stability and robustness 
[7, 17-20]. Sliding mode control theory for control of robot manipulator was first proposed in 1978 by Young 
to solve the set point problem (  by discontinuous method in the following form [19, 3]; 
 

 

(1) 

                                   

where  is sliding surface (switching surface),  for n-DOF robot manipulator,  is the 
 torque of joint. Sliding mode controller is divided into two main sub controllers: discontinues 

controller  and equivalent controller .  

 
Discontinues controller causes an acceptable tracking performance at the expense of very fast switching. 
In the theory of infinity fast switching can provide a good tracking performance but it also can provide some 
problems (e.g., system instability and chattering phenomenon). After going toward the sliding surface by 
discontinues term, equivalent term help to the system dynamics match to the sliding surface[1, 6]. 
However, this controller used in many applications but, pure sliding mode controller has following 
challenges:  chattering phenomenon, and nonlinear equivalent dynamic formulation [20].  
 
Chattering phenomenon can causes some problems such as saturation and heat the mechanical parts of 
robot manipulators or drivers that has shown in Figure 2.6. To reduce or eliminate the chattering, various 
papers have been reported by many researchers which classified into two most important methods: 
boundary layer saturation method and estimated uncertainties method [1].  

In boundary layer saturation method, the basic idea is the discontinuous method replacement by 
saturation (linear) method with small neighborhood of the switching surface. This replacement caused to 
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increase the error performance against with the considerable chattering reduction. Slotine and Sastry have 
introduced boundary layer method instead of discontinuous method to reduce the chattering[21]. Slotine 
has presented sliding mode with boundary layer to improve the industry application [22]. R. Palm has 
presented a fuzzy method to nonlinear approximation instead of linear approximation inside the boundary 
layer to improve the chattering and control the result performance[23]. Moreover, C. C. Weng and W. S. 
Yu improved the previous method by using a new method in fuzzy nonlinear approximation inside the 
boundary layer and adaptive method[24]. As mentioned [24]sliding mode fuzzy controller (SMFC) is fuzzy 
controller based on sliding mode technique to simple implement, most exceptional stability and robustness. 
Conversely above method has the following advantages; reducing the number of fuzzy rule base and 
increasing robustness and stability, the main disadvantage of SMFC is need to define the sliding surface 
slope coefficient very carefully. To eliminate the above problems control researchers have applied artificial 
intelligence method (e.g., fuzzy logic) in nonlinear robust controller (e.g., sliding mode controller) besides 
this technique is very useful in order to implement easily. 
 
Estimated uncertainty method used in term of uncertainty estimator to compensation of the system 
uncertainties.  It has been used to solve the chattering phenomenon and also nonlinear equivalent 
dynamic. If estimator has an acceptable performance to compensate the uncertainties, the chattering is 
reduced. Research on estimated uncertainty to reduce the chattering is significantly growing as their 
applications such as industrial automation and robot manipulator. For instance, the applications of artificial 
intelligence, neural networks and fuzzy logic on estimated uncertainty method have been reported in [25-
28]. Wu et al. [30] have proposed a simple fuzzy estimator controller beside the discontinuous and 
equivalent control terms to reduce the chattering. Their design had three main parts i.e. equivalent, 
discontinuous and fuzzy estimator tuning part which has reduced the chattering very well. Elmali et al. 
[27]and  Li and Xu [29]have addressed sliding mode control with perturbation estimation method (SMCPE) 
to reduce the classical sliding mode chattering. This method was tested for the tracking control of the first 
two links of a SCARA type HITACHI robot. In this technique, digital controller is used to increase the 
system’s response quality. Conversely this method has the following advantages; increasing the 
controller’s response speed and reducing dependence on dynamic system model by on-line control, the 
main disadvantage are chattering phenomenon and need to improve the performance.  
 
 
 

 
 
 
 
 
 

 
 
 

 
 
 
 
 
Robot manipulators are one of the highly nonlinear and uncertain systems which caused to needed to 
robust controller. This section provides introducing the formulation of sliding mode controller to robot 
manipulator based on [1, 6]Consider a nonlinear single input dynamic system of the form [6]: 

 (2) 

Where u is the vector of control input,  is the  derivation of ,  is the state 
vector,  is unknown or uncertainty, and  is of known sign function. The control problem is truck to 

the desired state;  , and have an acceptable error which is given by: 
 

 
 

FIGURE 1: Chattering as a result of imperfect control switching [1] 
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 (3) 

A time-varying sliding surface  is given by the following equation: 

 

(4) 

where λ is the positive constant. To further penalize tracking error integral part can be used in sliding 
surface part as follows: 

 

(5) 

The main target in this methodology is kept the sliding surface slope  near to the zero. Therefore, 
one of the common strategies is to find input  outside of . 

 

(6) 

where ζ is positive constant and in equation (6) forces tracking trajectories is towards sliding condition as 
shown in Figure 2.  
 

 
 

FIGURE 2: Sliding surface [2] 
 

 

 

 

If  S(0)>0  (7) 

To eliminate the derivative term, it is used an integral term from t=0 to t=   

 

(8) 
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Where  is the time that trajectories reach to the sliding surface so, suppose  S(  defined as 

 

(9) 

and 

 

(10) 

 Equation (2.41) guarantees time to reach the sliding surface is smaller than  since the trajectories are 

outside of . 

 (11) 

suppose S is defined as  

 

(12) 

The derivation of S, namely,  can be calculated as the following; 

 (13) 

suppose the second order system is defined as;  

 (14) 

Where  is the dynamic uncertain, and also since , to have the best approximation ,  is 
defined as 

 (15) 

A simple solution to get the sliding condition when the dynamic parameters have uncertainty is the 
switching control law: 

 (16) 

where the switching function  is defined as 

 

(17) 

and the  is the positive constant. Suppose by (16) the following equation can be written as, 

 

(18) 

and if the equation (17) instead of (18) the sliding surface can be calculated as  

 

(19) 

in this method the approximation of  is computed as 

 (20) 

To reduce or eliminate the chattering it is used the boundary layer method; in boundary layer method the 
basic idea is replace the discontinuous method by saturation (linear) method with small neighborhood of 
the switching surface. Figure 3 is shown the control law in boundary layer. 
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FIGURE 3: Boundary layer applied in discontinuous part [2] 

 
 

  (21) 

Where  is the boundary layer thickness. Therefore the saturation function  is added to the control 

law as 

 
(22) 

Where  can be defined as 

 

(23) 

 
 

Based on above discussion, the control law for a multi degrees of freedom robot manipulator is 
written as: 

 (24) 

Where, the model-based component  is the nominal dynamics of systems and   can be calculate as 

follows: 

 
(25) 
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Where τ is vector of actuation torque, M (q) is symmetric and positive define inertia matrix, 
is matrix of coriolis torques, is matrix of centrifugal torque, is vector of joint velocity that it 

can give by:  and  is vector, that it can given by: 

and  is Gravity terms, 
As mentioned above the kinetic energy matrix in  DOF is a  matrix that can be calculated by the 
following matrix [1, 6] 

 

(26) 

The Coriolis matrix (B) is a  matrix which calculated as follows; 

 

(27) 

 
and the Centrifugal matrix (C) is a  matrix; 

  
(28) 

And last the Gravity vector (G) is a  vector; 

  

(29) 

 

and  is computed as; 

 
(30) 

  
the control output can be written as; 

 

(31) 

Figure 4 shows the position classical sliding mode control for robot manipulator. By (30) and (31) the 
sliding mode control of robot manipulator is calculated as;  

 
(32) 
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3   INTRODUCTION TO FUZZY CONTROL AND ITS APPLICATION TO SMC 

In recent years, artificial intelligence theory has been used in sliding mode control systems. Neural 
network, fuzzy logic, and neuro-fuzzy are synergically combined with nonlinear classical controller and 
used in nonlinear, time variant, and uncertainty plant (e.g., robot manipulator).  Fuzzy logic controller (FLC) 
is one of the most important applications of fuzzy logic theory. This controller can be used to control 
nonlinear, uncertain, and noisy systems. This method is free of some model-based techniques as in 
classical controllers. As mentioned that fuzzy logic application is not only limited to the modelling of 
nonlinear systems [31-36]but also this method can help engineers to design easier controller. The 
complete fuzzy rule base for conventional fuzzy controller is shown in Table 1.  

 
Control robot arm manipulators using classical controllers are based on manipulator dynamic model. 
These controllers often have many problems for modelling. Conventional controllers require accurate 
information of dynamic model of robot manipulator, but these models are multi-input, multi-output and non-
linear and calculate accurate model can be very difficult. When the system model is unknown or when it is 
known but complicated, it is difficult or impossible to use classical mathematics to process this model[32]. 

 
TABLE 1: Rule table for 2 DOF robot manipulator [40] 

 

 

 
 

FIGURE 4: diagram of classical sliding mode controller [3, 10-14, 64] 
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The main reasons to use fuzzy logic technology are able to give approximate recommended solution for 
unclear and complicated systems to easy understanding and flexible. Fuzzy logic provides a method which 
is able to model a controller for nonlinear plant with a set of IF-THEN rules, or it can identify the control 
actions and describe them by using fuzzy rules. It should be mentioned that application of fuzzy logic is not 
limited to a system that’s difficult for modeling, but it can be used in clear systems that have complicated 
mathematics models because most of the time it can be shortened in design but there is no high quality 
design just sometimes we can find design with high quality. Besides using fuzzy logic in the main controller 
of a control loop, it can be used to design adaptive control, tuning parameters, working in a parallel with 
the classical and non classical control method [32].  
 
However the application area for fuzzy control is really wide, the basic form for all command types of 
controllers consists of; 

• Input fuzzification (binary-to-fuzzy[B/F]conversion)  

• Fuzzy rule base (knowledge base) 

• Inference engine 
• Output defuzzification (fuzzy-to-binary [F/B] conversion) [5, 15-18]. 

The basic structure of a fuzzy controller is shown in Figure 5.  
 

 
FIGURE 5: Block diagram of a fuzzy controller with details. 

 
The applications of artificial intelligence such as neural networks and fuzzy logic in modelling and control 
are significantly growing especially in recent years. For instance, the applications of artificial intelligence, 
neural networks and fuzzy logic, on robot arm control have reported in [37-39]. Wai et al. [37-38]have 
proposed a fuzzy neural network (FNN) optimal control system to learn a nonlinear function in the optimal 
control law. This controller is divided into three main groups: arterial intelligence controller (fuzzy neural 
network) which it is used to compensate the system’s nonlinearity and improves by adaptive method, 
robust controller to reduce the error and optimal controller which is the main part of this controller. Mohan 
and Bhanot [40] have addressed comparative study between some adaptive fuzzy, and a new hybrid fuzzy 
control algorithm for manipulator control. They found that self-organizing fuzzy logic controller and 
proposed hybrid integrator fuzzy give the best performance as well as simple structure. Research on 
combinations of fuzzy logic systems with sliding mode method is significantly growing as nonlinear control 
applications. For instance, the applications of fuzzy logic on sliding mode controller have reported in [24, 
41-45]. 
 
Research on applied fuzzy logic methodology in sliding mode controller (FSMC) to reduce or eliminate the 
high frequency oscillation (chattering), to compensate the unknown system dynamics and also to adjust 
the linear sliding surface slope in pure sliding mode controller considerably improves the robot manipulator 
control process [42-43]. H.Temeltas [46] has proposed fuzzy adaption techniques for SMC to achieve 
robust tracking of nonlinear systems and solves the chattering problem. Conversely system’s performance 
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is better than sliding mode controller; it is depended on nonlinear dynamic equqation. C. L. Hwang et al. 
[47]have proposed a Tagaki-Sugeno (TS) fuzzy model based sliding mode control based on N fuzzy based 
linear state-space to estimate the uncertainties (Figure 6). A multi-input multi-output FSMC reduces the 
chattering phenomenon and reconstructs the approximate the unknown system has been presented for a 
robot manipulator [42].   

 

 
 

FIGURE 6: Fuzzy model base sliding mode controller [47] 
 

Investigation on applied sliding mode methodology in fuzzy logic controller (SMFC) to reduce the fuzzy 
rules and refine the stability of close loop system in fuzzy logic controller has grown specially in recent 
years as the robot manipulator control [23]; [48-50]. Lhee et al. [48]have presented a fuzzy logic controller 
based on sliding mode controller to more formalize and boundary layer thickness. Emami et al. [51]have 
proposed a fuzzy logic approximate inside the boundary layer. H.K.Lee et al. [52] have presented self 
tuning SMFC to reduce the fuzzy rules, increase the stability and to adjust control parameters control 
automatically. Figure 7 is shown the sliding mode fuzzy rule table and the block diagram of SMFC. 

 
 

FIGURE 7: The structure of sliding mode fuzzy controller [52] 
 
However the application of FSMC and SMFC are growing but the main SMFC drawback compared to 
FSMC is calculation the value of sliding surface  pri-defined very carefully. Moreover, the advantages of 
SMFC compared to FLC reduce the number of fuzzy rule base and increase the robustness and stability. 
At last FSMC compare to the SMFC is more suitable for implementation action.  
 

In various dynamic parameters systems that need to be training on-line adaptive control methodology is 
used. Adaptive control methodology can be classified into two main groups, namely, traditional adaptive 
method and fuzzy adaptive method. Fuzzy adaptive method is used in systems which want to training 
parameters by expert knowledge. Traditional adaptive method is used in systems which some dynamic 
parameters are known. In this research in order to solve disturbance rejection and uncertainty dynamic 



Farzin Piltan, N. Sulaiman, Mehdi Rashidi, Zahra Tajpeikar & Payman Ferdosali 

 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011                                          276 

parameter, adaptive method is applied to artificial sliding mode controller. F Y Hsu et al. [54]have 
presented adaptive fuzzy sliding mode control which can update fuzzy rules to compensate nonlinear 
parameters and guarantee the stability robot manipulator controller. Y.C. Hsueh et al. [43] have presented 
self tuning sliding mode controller which can resolve the chattering problem without to using saturation 
function.  
 
For nonlinear dynamic systems (e.g., robot manipulators) with various parameters, adaptive control 
technique can train the dynamic parameter to have an acceptable controller performance. Calculate 
several scale factors are common challenge in classical sliding mode controller and fuzzy logic controller, 
as a result it is used to adjust and tune coefficient. Research on adaptive fuzzy control is significantly 
growing, for instance, different adaptive fuzzy controllers have been reported in [40, 55-57]. 
 
Research on adaptive fuzzy sliding mode controller is significantly growing as many applications and it can 
caused to improve the tracking performance by online tuning the parameters. The adaptive sliding mode 
controller is used to estimate the unknown dynamic parameters and external disturbances. For instance, 
the applications of adaptive fuzzy sliding mode controller to control the robot manipulators have been 
reported in [24, 29, 45].  Generally, adaptive fuzzy sliding mode control of robot manipulator is classified 
into two main groups’ i.e. multi-input multi-output (MIMO) and single-input single-output (SISO) fuzzy 
systems. 
 
Yoo and Ham [58]have proposed a MIMO fuzzy system to help the compensation and estimation the 
torque coupling. In  robot manipulator with  membership function for each input variable, the 
number of fuzzy rules for each joint is equal to  that causes to high computation load and also this 
controller has chattering. This method can only tune the consequence part of the fuzzy rules (Figure 8).  

 

 
 

FIGURE 8: The structure of adaptive fuzzy compensate control of robot [58] 
 

Medhafer et al. [59] have proposed an indirect adaptive fuzzy sliding mode controller to control robot 
manipulator. This MIMO algorithm, applies to estimate the nonlinear dynamic parameters. If each input 
variable have  membership functions, the number of fuzzy rules for each joint is  

Compared with the previous algorithm the number of fuzzy rules have reduced by introducing the sliding 
surface as inputs of fuzzy systems.  
 
Y. Guo and P. Y. Woo [60]have proposed a SISO fuzzy system compensate and reduce the chattering. 
First suppose each input variable with  membership function the number of fuzzy rules for each joint is 

 which decreases the fuzzy rules and the chattering is also removed. C. M. Lin and C. F. Hsu [61] can 
tune both systems by fuzzy rules. In this method the number of fuzzy rules equal to   with low 
computational load but it has chattering (Figure 9). Shahnazi et al., have proposed a SISO PI direct 
adaptive fuzzy sliding mode controller based on Lin and Hsu algorithm to reduce or eliminate chattering 
with fuzzy rules numbers. The bounds of PI controller and the parameters are online adjusted by low 
adaption computation [44]. Table 2 is illustrated a comparison between computed torque controller[9, 15-
16], sliding mode controller[1, 3, 6, 10-14, 17-23,  26], fuzzy logic controller (FLC)[31-40], applied sliding 
mode in fuzzy logic controller (SMFC)[23, 14, 48-50], applied fuzzy logic method in sliding mode controller 
(FSMC)[10-14, 54-55, 60-61, 64] and adaptive fuzzy sliding mode controller [3, 10-14, 64]. 
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FIGURE 9: The structure of adaptive fuzzy sliding mode controller [61] 
 

4 CONCLUSIONS 
Refer to the research, review of sliding mode control and application to robot manipulator has explained in 
order to design high performance nonlinear controller in the presence of uncertainties. Sliding mode 
controller (SMC) is a significant nonlinear controller in certain and uncertain dynamic parameters systems. 
This controller is used to present a systematic solution for stability and robustness which they can play 
important role to select the best controller. Conversely, pure sliding mode controller is used in many 
applications; it has two important drawbacks namely; chattering phenomenon, and nonlinear equivalent 
dynamic formulation in uncertain dynamic parameter. One of the most important techniques to reduce or 
remove above two challenges is applying non-classical (artificial intelligence) method in robust classical 
such as sliding mode controller method. In order to solve the uncertain dynamic parameters and complex 
parameters systems with an artificial intelligence theory, fuzzy logic is one of the best choice which it is 
used in this research.  However fuzzy logic method is useful to control complicated nonlinear dynamic 
mathematical models but the response quality may not always be so high. This controller can be used in 
main part of controller (e.g., pure fuzzy logic controller), it can be used to design adaptive controller (e.g., 
adaptive fuzzy controller), tuning parameters and finally applied to the classical controllers. As mentioned 
above to improve stability and reduce the fuzzy rule base in fuzzy logic controller one of the major methods 
is applied sliding mode controller in fuzzy logic methodology. Sliding mode fuzzy controller (SMFC) is fuzzy 
controller based on sliding mode technique to simple implement, most excellent stability and robustness. 
Conversely SMFC has the following advantages; reducing the number of fuzzy rule base and increasing 
robustness and stability, the main disadvantage of SMFC is need to define the sliding surface slope 
coefficient very carefully. As mentioned above sliding mode controller has some limitations which applied 
fuzzy logic in sliding mode controller can causes to reduce the limitations. To compensate the nonlinearity 
of dynamic equivalent control, several researchers are used model base fuzzy controller instead classical 
equivalent controller. However FSMC has an acceptable performance but calculate the sliding surface 
slope by experience knowledge is difficult, particularly when system has structure or unstructured 
uncertainties, self tuning sliding surface slope fuzzy sliding mode controller is recommended.  
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TABLE 2: Comparison of six important algorithms [3, 10-14, 64] 
 

Type of method Advantages Disadvantages What to do? 

1. CTC • Higher tracking accuracy 

• Lower energy 

• Easy to implement 

• That is required accurate dynamic 

formulation 

• It has problem under condition of : 

uncertain system and external 

disturbance 

Design computed torque like 

controller or the other robust 

controller such as SMC 

2. SMC • Good control 

performance for 

nonlinear systems 

• In MIMO systems 

• In discrete time circuit 

• Equivalent dynamic formulation 

• Chattering  

• It has limitation under condition of : 

uncertain system and external 

disturbance 

Applied artificial intelligent 

method in SMC (e.g., FSMC 

or SMFC) 

3. FLC • Used in unclear and 

uncertain systems 

• Flexible 

• Easy to understand 

• Shortened in design  

• Quality of design 

• Should be to  defined fuzzy coefficient 

very carefully 

• Cannot guarantee the stability 

• reliability 

Applied adaptive method in 

FLC, tuning parameters and 

applied to classical linear or 

nonlinear controller 

4. SMFC • Reduce the rule base 

• Reduce the chattering 

• Increase the stability and 

robustness 

• Equivalent part 

• Defined sliding surface slope 

coefficient very carefully 

• Difficult to implement 

• Limitation in noisy and uncertain 

system 

Applied adaptive method, self 

learning and self organizing 

method in SMFC 

5. FSMC • More robust 

• Reduce the chattering 

• Estimate the equivalent 

• Easy to implement 

• Model base estimate the equivalent 

part 

• Limitation in noisy and uncertain 

system  

 

Design fuzzy error base like 

equivalent controller and 

applied adaptive method 

6. Adaptive FSMC  • More robust 

• eliminate the chattering 

• Estimate the equivalent 

 

• Model base estimate the equivalent 

part 
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Abstract 

 
The developed control methodology can be used to build more efficient intelligent and precision 
mechatronic systems. Three degrees of freedom robot arm is controlled by adaptive sliding mode fuzzy 
algorithm fuzzy sliding mode controller (SMFAFSMC). This plant has 3 revolute joints allowing the 
corresponding links to move horizontally. Control of robotic manipulator is very important in field of robotic, 
because robotic manipulators are Multi-Input Multi-Output (MIMO), nonlinear and most of dynamic 
parameters are uncertainty. Design strong mathematical tools used in new control methodologies to 
design adaptive nonlinear robust controller with acceptable performance in this controller is the main 
challenge. Sliding mode methodology is a nonlinear robust controller which can be used in uncertainty 
nonlinear systems, but pure sliding mode controller has chattering phenomenon and nonlinear equivalent 
part in uncertain system therefore the first step is focused on eliminate the chattering and in second step 
controller is improved with regard to uncertainties. Sliding function is one of the most important challenging 
in artificial sliding mode algorithm which this problem in order to solved by on-line tuning method. This 
paper focuses on adjusting the sliding surface slope in fuzzy sliding mode controller by sliding mode fuzzy 
algorithm.  

 
Keywords: Mechatronic System, Robot arm, Adaptive Method, Sliding mode Fuzzy Algorithm, Fuzzy 
Sliding Mode Algorithm, Robust Controller,  Fuzzy Logic,  Sliding Mode Controller, Sliding Surface Slope, 
Sliding Function,  Adaptive Sliding Mode Fuzzy algorithm Fuzzy Sliding Mode Controller.  
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1. INTRODUCTION  
A robot system without any controllers does not to have any benefits, because controller is the main part in 
this sophisticated system. The main objectives to control of robot manipulators are stability and 
robustness. Lots of researchers work on design the controller for robotic manipulators to have the best 
performance. Control of any systems divided in two main groups: linear and nonlinear controller [1]. 
 
However, one of the important challenging in control algorithms is design linear behavior controller to 
easier implementation for nonlinear systems but these algorithms have some limitation such as controller 
working area must to be near the system operating point and this adjustment is very difficult specially when 
the dynamic system parameters have large variations and when the system has hard nonlinearities [1-4]. 
Most of robot manipulators which work in industry are usually controlled by linear PID controllers. But the 
robot manipulator dynamic functions are, nonlinear with strong coupling between joints (low gear ratio), 
structure and unstructured uncertainty and Multi- Inputs Multi-Outputs (MIMO) which, design linear 
controller is very difficult especially if the velocity and acceleration of robot manipulator be high and also 
when the ratio between joints gear be small [2]. To eliminate above problems in physical systems most of 
control researcher go toward to select nonlinear robust controller. 
  
One of the most important powerful nonlinear robust controllers is Sliding Mode Controller (SMC). 
However Sliding mode control methodology was first proposed in the 1950 but this controller has been 
analyzed by many researchers in recent years. The main reason to select this controller in wide range area 
is have an acceptable control performance and solve some main challenging topics in control such as 
resistivity to the external disturbance and uncertainty. However, this controller has above advantages but, 
pure sliding mode controller has following disadvantages i.e.chattering problem, sensitive and equivalent 
dynamic formulation [3, 5-15].  
 
After the invention of fuzzy logic theory in 1965 by Zadeh [16], this theory was used in wide range area 
because Fuzzy Logic Controller (FLC) is one of the most important applications of fuzzy logic theory.   This   
controller   can   be   used to control of nonlinear, uncertain and noisy systems. However pure FLC works 
in many engineering applications but, it cannot guarantee two most important challenges in control, 
namely, stability and acceptable performance [16-25]. Some researchers applied fuzzy logic methodology 
in sliding mode controllers (FSMC) to reduce the chattering and solve the nonlinear dynamic equivalent 
problems in pure sliding mode controller and the other researchers applied sliding mode methodology in 
fuzzy logic controller (SMFC) to improve the stability of systems, therefore FSMC is a controller based on 
SMC but SMFC works based on FLC [26-40]. 
 
Adaptive control used in systems whose dynamic parameters are varying and/or have unstructured 
disturbance and need to be training on line. Adaptive fuzzy inference system provide a good knowledge 
tools for adjust a complex uncertain nonlinear system with changing dynamics to have an acceptable 
performance. Combined adaptive method to artificial sliding mode controllers can help to controllers to 
have a better performance by online tuning the nonlinear and time variant parameters [26-40].  
 
This paper is organized as follows: In section 2, dynamic formulation of robot manipulator is presented. 
Detail of mamdani fuzzy inference estimator is introduce and applied to sliding mode methodology is 
presented in section 3. In section 4, design adaptive methodology and applied to propose method is 
presented. In section 5, the simulation result is presented and finally in section 6, the conclusion is 
presented. 

 

  2.   APPLICATION: ROBOT MANIPULATOR DYNAMIC FORMULATION  
The equation of an n-DOF robot manipulator governed by the following equation [1, 4, 33-40]: 

          (1) 

Where τ is actuation torque, M (q) is a symmetric and positive define inertia matrix,  is the vector of 
nonlinearity term. This robot manipulator dynamic equation can also be written in a following form [33-40]: 

  (2) 

Where B(q) is the matrix of coriolios torques, C(q) is the matrix of centrifugal torques, and G(q) is the 
vector of gravity force. The dynamic terms in equation (2) are only manipulator position. This is a 



Farzin Piltan, N. Sulaiman, Abbas Zare, Sadeq Allahdadi  & Mohammadali Dialame  
 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011                         285 

decoupled system with simple second order linear differential dynamics. In other words, the component  
influences, with a double integrator relationship, only the joint variable , independently of the motion of the 
other joints. Therefore, the angular acceleration is found as to be [3, 33-40]: 
 

  (3) 

This technique is very attractive from a control point of view.  
 

3. MAMDANI FUZZY INFERENCE ESTIMATOR SLIDING MODE METHODOLOGY  
Sliding mode controller (SMC) is a influential nonlinear, stable and robust controller which it was first 
proposed in the early 1950 by Emelyanov and several co-workers and has been extensively developed 
since then with the invention of high speed control devices[1, 5-11, 33-40]. A time-varying sliding surface 

 is given by the following equation: 

 

(4) 

where λ is the constant and it is positive. The derivation of S, namely,  can be calculated as the following 
formulation [5-11, 33-40]: 

 (5) 

The control law for a multi degrees of freedom robot manipulator is written as: 

 (6) 

Where, the model-based component  is the nominal dynamics of systems and it can be calculate as 

follows: 

 (7) 

Where  is an inertia matrix which it is symmetric and positive,  is 
the vector of nonlinearity term and  is the vector of gravity force and  with 
minimum chattering based on [33-40] is computed as; 

 
(8) 

Where  is a dead zone (saturation) function and, u and b are unlimited 

coefficient, by replace the formulation (5) in (3) the control output can be written as; 

 

(9) 

Where the function of  defined as; 

 

(10) 

However the application area for fuzzy control is really wide, the basic form for all command types of 
controllers consists of; 

• Input fuzzification (binary-to-fuzzy[B/F]conversion)  

• Fuzzy rule base (knowledge base) 
• Inference engine 

• Output defuzzification (fuzzy-to-binary[F/B]conversion) [16-25, 33-40]. 
The basic structure of a fuzzy controller is shown in Figure 1.  
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FIGURE 1: Block diagram of a fuzzy controller with details. 

 

The fuzzy system can be defined as below [40] 

 

(11) 

where   

 

(12) 

where  is adjustable parameter in (8) and  is membership function.  

error base fuzzy controller can be defined as 

 (13) 

In this work the fuzzy controller has one input which names; sliding function. Fuzzy controller with one 
input is difficult to implementation, because it needs large number of rules, to cover equivalent part 
estimation [16-25]. In this fuzzy inference system researcher is defined 7 linguistic variables. As a 
summary the design of fuzzy inference system estimator based on Mamdani’s fuzzy inference method has 
four steps , namely, fuzzification, fuzzy rule base and rule evaluation, aggregation of the rule output (fuzzy 
inference system), and deffuzzification [16-18].  
 
Fuzzification:  the first step in fuzzification is determine inputs and outputs which, it has one input; namely 

sliding function ( ) and one output ( ).  The sliding function ( e+ ) which related to the difference 
between desired and actual output position and the difference between desired and actual velocity. The 
second step is chosen an appropriate membership function for inputs and output which, for simplicity in 
implementation and also to have an acceptable performance the researcher is selected the triangular 
membership function which it is shown in Figure 2. The third step is chosen the correct labels for each 
fuzzy set which, in this research namely as linguistic variable. The  linguistic variables for input are; 
Negative Big (NB), Negative Medium (NM), Negative Small (NS), Zero (Z), Positive Small (PS), Positive 
Medium (PM), Positive Big (PB), and the linguistic variables to find the output are; Large Left (LL), Medium 
Left (ML), Small Left (SL), Zero (Z), Small Right (SR), Medium Right (MR), Large Right (LR). 
 
 
 
 
 
 
 
 
 

 

 

 
 

FIGURE 2: Membership function: triangular 
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Fuzzy Rule Base and Rule Evaluation:  the first step in rule base and evaluation is provide a least 
structured method to derive the fuzzy rule base which, expert experience and control engineering 
knowledge is used because this method is the least structure of the other one and the researcher 
derivation the fuzzy rule base from the knowledge of system operate and/or the classical controller. Design 
the rule base of fuzzy inference system can play important role to design the best performance of fuzzy 
sliding mode controller, that to calculate the fuzzy rule base the researcher is used to heuristic method 
which, it is based on the behavior of the control of robot manipulator suppose that two fuzzy rules in this 
controller are; 

F.R
1
: IF S is NB, THEN  is LL 

F.R
2
:
 
IF e is PS THEN  is ML 

 

(14) 

The complete rule base for this controller is shown in Table 1. Rule evaluation focuses on operation in the 
antecedent of the fuzzy rules in fuzzy inference system. This part is used  fuzzy operation in 
antecedent part which  operation is used.  
 

TABLE 1: Rule table (Mamdani’sFIS) 
 

 
 
 
 
Aggregation of the Rule Output (Fuzzy inference): Max-Min aggregation is used to this work which the 
calculation is defined as follows; 

  (15) 

Deffuzzification: The last step to design fuzzy inference in our controller is defuzzification. This part is 
used to transform fuzzy set to crisp set, therefore the input for defuzzification is the aggregate output and 
the output of it is a crisp number. In this design the Center of gravity method  is used and calculated 
by the following equation [25];  

  
(16) 

 

The fuzzy division can be reached the best state when  and the error is minimum by the following 

formulation 

 

(17) 

Where is the minimum error,  is the minimum approximation error.  

 

suppose  is defined as follows 

 

(18) 

Where  

 

(19) 

 

where the is the positive constant. 

According to the nonlinear dynamic equivalent formulation of robot manipulator the nonlinear equivalent 

part is estimated by (8) 

 

(20) 

Based on (3) the formulation of proposed fuzzy sliding mode controller can be written as; 

S NB NM NS ZE PS PM PB 

 LL ML SL Z SR MR LR 
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(21) 

Where  

Figure 3 is shown the proposed fuzzy sliding mode controller.  

 

 
 

FIGURE 3: Proposed fuzzy sliding mode algorithm: applied to robot manipulator 
 

4. DESIGN ADAPTIVE SLIDING MODE FUZZY ALGORITM: APPLIED TO 
PROPOSED METHODOLOGY  

However proposed FSMC has satisfactory performance but calculate the sliding surface slope by try and 
error or experience knowledge is very difficult, particularly when system has uncertainties; sliding mode 
fuzzy self tuning sliding function fuzzy sliding mode controller is recommended.  

 
(22) 

Where  is sliding mode fuzzy output function. The adaption low is defined as 

  (23) 

where the is the positive constant and   

 

(24) 

As a result proposed method is very stable with a good performance. Figure 4 is shown the block diagram 
of proposed adaptive sliding mode fuzzy applied to fuzzy sliding mode controller.  
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The fuzzy system can be defined as below 

 

(25) 

where   

 

(26) 

where  is adjustable parameter in (25) and  is membership function.  

error base fuzzy controller can be defined as 

 

FIGURE 4: Proposed adaptive sliding fuzzy tune FSMC algorithm: applied to robot arm 
 

 (27) 

According to the formulation in sliding mode algorithm  
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 (28) 

the fuzzy division can be reached the best state when  and the error is minimum by the following 
formulation 

 

(29) 

Where is the minimum error,  is the minimum approximation error. The 

adaptive controller is used to find the minimum errors of . 
 
suppose  is defined as follows 

 

(30) 

Where  

 

(31) 

the adaption low is defined as 

  (32) 

where the is the positive constant. 

According to the formulation in fuzzy sliding and also sliding mode fuzzy 

 

(33) 

The dynamic equation of robot manipulator can be written based on the sliding surface as; 

 (34) 

It is supposed that 

 (35) 

it can be shown that 

 (36) 

where  

as a result   is became 

 

 

 

 

 

 

 
where  is adaption law, ,  
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consequently  can be considered by 

 

(37) 

the minimum error can be defined by 

 
(38) 

 is intended as follows 
 

 

    

 

 

(39) 

For continuous function , and suppose  it is defined the fuzzy logic  
system in form of (27) such that 

 (40) 

the minimum approximation error  is very small.  

 
(41) 

5 SIMULATION RESULTS 
PD sliding mode controller (PD-SMC), proposed PD fuzzy sliding mode controller (PD FSMC) and 
proposed adaptive sliding mode fuzzy algorithm Fuzzy Sliding Mode Controller (SMFAFSMC) were tested 
to Step response trajectory. This simulation applied to three degrees of freedom robot arm therefore the 
first, second, and third joints are moved from home to final position without and with external disturbance. 
The simulation was implemented in Matlab/Simulink environment. Trajectory performance, torque 
performance, disturbance rejection, steady state error and RMS error are compared in these controllers. It 
is noted that, these systems are tested by band limited white noise with a predefined 40% of relative to the 
input signal amplitude which the sample time is equal to 0.1. This type of noise is used to external 
disturbance in continuous and hybrid systems. 
 

Tracking Performances: Figure 5 is shown tracking performance for first, second and third link in 

SMC, FSMC and SMFAFSMC without disturbance for sinus trajectories. By comparing sinus response 
trajectory without disturbance in SMC, FSMC and SMFAFSMC it is found that the SMC’s and FSMC’s 
overshoot (4%) is higher than SMFAFSMC (0%), although all of them have about the same rise time. 
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Disturbance Rejection: Figure 6 has shown the power disturbance elimination in SMC, FSMC and 
SMFAFSMC. The main target in these controllers is disturbance rejection as well as reduces the 
chattering. A band limited white noise with predefined of 40% the power of input signal is applied to above 
controllers. It found fairly fluctuations in SMC and FSMC trajectory responses.  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
FIGURE 5:   FSMC, SMFAFSMC and SMC: applied to robot manipulator. 
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Among above graph relating to trajectory following with external disturbance, FLC has fairly fluctuations. 
By comparing some control parameters such as overshoot and rise time it found that the SMC’s and 
FSMC’s overshoot (9%) is higher than SMFAFSMC (0%).  
 
Error Calculation: Although SMC and FSMC have the same error rate but SMFAFSMC has a better 
performance in presence of external disturbance (refer to Table 2 and Figure 7), they have oscillation 
tracking which causes chattering phenomenon. As it is obvious in Table.2 FSMC is a SMC which estimate 
the equivalent part so FSMC have acceptable performance with regard to SMC in presence of certain and 
uncertainty. Figure 7 is shown steady state and RMS error in SMC and FSMC and SMFAFSMC in 
presence of external disturbance.  
 
 

TABLE 2: RMS Error Rate of Presented controllers 

 

RMS Error Rate SMC FSMC SMFAFSMC 
Without Noise 1e-3 0.6e-3 0.6e-6 

With Noise 0.012 0.0012 0.65e-6 

 
 
 
 
 
 
 
 
 
 

 

 
FIGURE 6: FSMC, SMFAFSMC and SMC with disturbance: applied to robot manipulator. 
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In these methods if integration absolute error (IAE) is defined by (15), table 3 is shown comparison 
between these two methods. 
 

 

    (42) 

 
Table 3: Calculate IAE 

 

SMFAFSMC FSMC Traditional SMC Method 

210 409 490.1 IAE 

 
 

6 CONCLUSIONS 
In this research, a sliding mode fuzzy adaptive fuzzy sliding mode algorithm is proposed in order to design 
high performance robust controller in presence of structure unstructured uncertainties. The performance is 
improved by using the advantages of sliding mode algorithm, artificial intelligence method and adaptive 
algorithm while the disadvantages removed by added each method to previous method. Fuzzy logic 
method by adding to the sliding mode controller has covered negative points in fuzzy and sliding 
algorithms. Obviously robot manipulator dynamic parameters are nonlinear therefore design nonlinear 
robust model free controller is a main goal with regard to sliding mode and fuzzy logic methodology. This 

 
 

FIGURE 7: FSMC, SMFAFSMC and SMC steady state error with external disturbance: 

applied to robot manipulator 
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paper focuses on comparison between sliding mode controller, fuzzy sliding mode controller and adaptive 
sliding mode algorithm fuzzy sliding mode controller, to opt the best control method for the uncertain 
second order system (e.g., robot manipulator). Higher implementation quality of response and model free 
controller versus an acceptable performance in chattering, trajectory and error is reached by designing 
adaptive sliding mode fuzzy algorithm fuzzy sliding mode controller. This implementation considerably 
removes the chattering phenomenon and error in the presence of uncertainties. As a result, this controller 
will be able to control a wide range of nonlinear second order uncertain system (e.g., robot manipulator) 
with a high sampling rates because its easy to implement. 
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Abstract 

 
This research is focused on novel particle swarm optimization (PSO) SISO Lyapunov based fuzzy 
estimator sliding mode algorithms derived in the Lyapunov sense. The stability of the closed-loop system is 
proved mathematically based on the Lyapunov method. PSO SISO fuzzy compensate sliding mode 
method design a SISO fuzzy system to compensate for the dynamic model uncertainties of the nonlinear 
dynamic system and chattering also solved by nonlinear fuzzy saturation like method. Adjust the sliding 
function is played important role to reduce the chattering phenomenon and also design acceptable 
estimator applied to nonlinear classical controller so PSO method is used to off-line tuning. Classical 
sliding mode control is robust to control model uncertainties and external disturbances. A sliding mode 
method with a switching control low guarantees the stability of the certain and/or uncertain system, but the 
addition of the switching control low introduces chattering into the system. One way to reduce or eliminate 
chattering is to insert a nonlinear (fuzzy) boundary like layer method inside of a boundary layer around the 
sliding surface. Classical sliding mode control method has difficulty in handling unstructured model 
uncertainties. One can overcome this problem by applied fuzzy inference system into sliding mode 
algorithm to design and estimate model-free nonlinear dynamic equivalent part. To approximate a time-
varying nonlinear dynamic system, a fuzzy system requires a large amount of fuzzy rule base. This large 
number of fuzzy rules will cause a high computation load. The addition of PSO method to a fuzzy sliding 
mode controller to tune the parameters of the fuzzy rules in use will ensure a moderate computational 
load. The PSO method in this algorithm is designed based on the PSO stability theorem. Asymptotic 
stability of the closed loop system is also proved in the sense of Lyapunov. 
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1. INTRODUCTION  
Robot manipulators have many applications in aerospace, manufacturing, automotive, medicine and other 
industries. Robot manipulators consist of three main parts: mechanical, electrical, and control. In the 
mechanical point of view, robot manipulators are collection of serial or parallel links which have connected 
by revolute and/or prismatic joints between base and end-effector frame. The robot manipulators electrical 
parts are used to links motion. Control part is used to adjust the timing between the subparts of robot 
manipulator to reach the best performance (trajectory) [1]. 
 
It is a well known fact, the aim of science and modern technology has making an easier life. Conversely, 
modern life includes complicated technical systems which these systems (e.g., robot manipulators) are 
nonlinear, time variant, and uncertain in measurement, they need to have controlled. Consequently it is 
hard to design accurate models for these physical systems because they are uncertain. At present, in 
some applications robot manipulators are used in unknown and unstructured environment, therefore strong 
mathematical tools used in new control methodologies to design nonlinear robust controller with an 
acceptable performance (e.g., minimum error, good trajectory, disturbance rejection) [1-8]. 
 
Sliding mode controller (SMC) is one of the influential nonlinear controllers in certain and uncertain 
systems which are used to present a methodical solution for two main important controllers’ challenges, 
which named: stability and robustness. Conversely, this controller is used in different applications; sliding 
mode controller has subsequent drawbacks i.e. chattering phenomenon, and nonlinear equivalent dynamic 
formulation in uncertain systems[1-2]. The main reason to opt for this controller is its acceptable control 
performance in wide range and solves two most important challenging topics in control which names, 
stability and robustness [7, 9-20]. Sliding mode controller is divided into two main sub controllers: 
discontinues controller  and equivalent controller .  Discontinues controller causes an acceptable 

tracking performance at the expense of very fast switching. In the theory of infinity fast switching can 
provide a good tracking performance but it also can provide some problems (e.g., system instability and 
chattering phenomenon). After going toward the sliding surface by discontinues term, equivalent term help 
to the system dynamics match to the sliding surface[1, 6]. However, this controller used in many 
applications but, pure sliding mode controller has following challenges:  chattering phenomenon, and 
nonlinear equivalent dynamic formulation [20]. Chattering phenomenon can causes some problems such 
as saturation and heat the mechanical parts of robot manipulators or drivers. To reduce or eliminate the 
chattering, various papers have been reported by many researchers which classified into two most 
important methods: boundary layer saturation method and estimated uncertainties method [1, 10-14]. In 
boundary layer saturation method, the basic idea is the discontinuous method replacement by saturation 
(linear) method with small neighborhood of the switching surface. This replacement caused to increase the 
error performance against with the considerable chattering reduction. Slotine and Sastry have introduced 
boundary layer method instead of discontinuous method to reduce the chattering[21]. Slotine has 
presented sliding mode with boundary layer to improve the industry application [22]. R. Palm has 
presented a fuzzy method to nonlinear approximation instead of linear approximation inside the boundary 
layer to improve the chattering and control the result performance[23]. Moreover, C. C. Weng and W. S. 
Yu improved the previous method by using a new method in fuzzy nonlinear approximation inside the 
boundary layer and adaptive method[24]. As mentioned [24]sliding mode fuzzy controller (SMFC) is fuzzy 
controller based on sliding mode technique to simple implement, most exceptional stability and robustness. 
Conversely above method has the following advantages; reducing the number of fuzzy rule base and 
increasing robustness and stability, the main disadvantage of SMFC is need to define the sliding surface 
slope coefficient very carefully. To eliminate the above problems control researchers have applied artificial 
intelligence method (e.g., fuzzy logic) in nonlinear robust controller (e.g., sliding mode controller) besides 
this technique is very useful in order to implement easily. Estimated uncertainty method used in term of 
uncertainty estimator to compensation of the system uncertainties.  It has been used to solve the 
chattering phenomenon and also nonlinear equivalent dynamic. If estimator has an acceptable 
performance to compensate the uncertainties, the chattering is reduced. Research on estimated 
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uncertainty to reduce the chattering is significantly growing as their applications such as industrial 
automation and robot manipulator. For instance, the applications of artificial intelligence, neural networks 
and fuzzy logic on estimated uncertainty method have been reported in [25-28]. Wu et al. [30] have 
proposed a simple fuzzy estimator controller beside the discontinuous and equivalent control terms to 
reduce the chattering. Their design had three main parts i.e. equivalent, discontinuous and fuzzy estimator 
tuning part which has reduced the chattering very well. Elmali et al. [27]and  Li and Xu [29]have addressed 
sliding mode control with perturbation estimation method (SMCPE) to reduce the classical sliding mode 
chattering. This method was tested for the tracking control of the first two links of a SCARA type HITACHI 
robot. In this technique, digital controller is used to increase the system’s response quality. Conversely this 
method has the following advantages; increasing the controller’s response speed and reducing 
dependence on dynamic system model by on-line control, the main disadvantage are chattering 
phenomenon and need to improve the performance.  
 
In recent years, artificial intelligence theory has been used in sliding mode control systems. Neural 
network, fuzzy logic, and neuro-fuzzy are synergically combined with nonlinear classical controller and 
used in nonlinear, time variant, and uncertainty plant (e.g., robot manipulator).  Fuzzy logic controller (FLC) 
is one of the most important applications of fuzzy logic theory. This controller can be used to control 
nonlinear, uncertain, and noisy systems. This method is free of some model-based techniques as in 
classical controllers. As mentioned that fuzzy logic application is not only limited to the modelling of 
nonlinear systems [31-40]but also this method can help engineers to design easier controller. Control robot 
arm manipulators using classical controllers are based on manipulator dynamic model. These controllers 
often have many problems for modelling. Conventional controllers require accurate information of dynamic 
model of robot manipulator, but these models are multi-input, multi-output and non-linear and calculate 
accurate model can be very difficult. When the system model is unknown or when it is known but 
complicated, it is difficult or impossible to use classical mathematics to process this model[32]. The main 
reasons to use fuzzy logic technology are able to give approximate recommended solution for unclear and 
complicated systems to easy understanding and flexible. Fuzzy logic provides a method which is able to 
model a controller for nonlinear plant with a set of IF-THEN rules, or it can identify the control actions and 
describe them by using fuzzy rules. It should be mentioned that application of fuzzy logic is not limited to a 
system that’s difficult for modeling, but it can be used in clear systems that have complicated mathematics 
models because most of the time it can be shortened in design but there is no high quality design just 
sometimes we can find design with high quality. Besides using fuzzy logic in the main controller of a 
control loop, it can be used to design adaptive control, tuning parameters, working in a parallel with the 
classical and non classical control method [32]. The applications of artificial intelligence such as neural 
networks and fuzzy logic in modelling and control are significantly growing especially in recent years. For 
instance, the applications of artificial intelligence, neural networks and fuzzy logic, on robot arm control 
have reported in [37-39]. Wai et al. [37-38]have proposed a fuzzy neural network (FNN) optimal control 
system to learn a nonlinear function in the optimal control law. This controller is divided into three main 
groups: arterial intelligence controller (fuzzy neural network) which it is used to compensate the system’s 
nonlinearity and improves by adaptive method, robust controller to reduce the error and optimal controller 
which is the main part of this controller. Mohan and Bhanot [40] have addressed comparative study 
between some adaptive fuzzy, and a new hybrid fuzzy control algorithm for manipulator control. They 
found that self-organizing fuzzy logic controller and proposed hybrid integrator fuzzy give the best 
performance as well as simple structure. Research on combinations of fuzzy logic systems with sliding 
mode method is significantly growing as nonlinear control applications. For instance, the applications of 
fuzzy logic on sliding mode controller have reported in [24, 41-45]. Research on applied fuzzy logic 
methodology in sliding mode controller (FSMC) to reduce or eliminate the high frequency oscillation 
(chattering), to compensate the unknown system dynamics and also to adjust the linear sliding surface 
slope in pure sliding mode controller considerably improves the robot manipulator control process [42-43]. 
H.Temeltas [46] has proposed fuzzy adaption techniques for SMC to achieve robust tracking of nonlinear 
systems and solves the chattering problem. Conversely system’s performance is better than sliding mode 
controller; it is depended on nonlinear dynamic equqation. C. L. Hwang et al. [47]have proposed a Tagaki-
Sugeno (TS) fuzzy model based sliding mode control based on N fuzzy based linear state-space to 
estimate the uncertainties. A multi-input multi-output FSMC reduces the chattering phenomenon and 
reconstructs the approximate the unknown system has been presented for a robot manipulator [42]. 
Investigation on applied sliding mode methodology in fuzzy logic controller (SMFC) to reduce the fuzzy 
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rules and refine the stability of close loop system in fuzzy logic controller has grown specially in recent 
years as the robot manipulator control [23]; [48-62]. Lhee et al. [48]have presented a fuzzy logic controller 
based on sliding mode controller to more formalize and boundary layer thickness. Emami et al. [51]have 
proposed a fuzzy logic approximate inside the boundary layer. H.K.Lee et al. [52] have presented self 
tuning SMFC to reduce the fuzzy rules, increase the stability and to adjust control parameters control 
automatically. However the application of FSMC and SMFC are growing but the main SMFC drawback 
compared to FSMC is calculation the value of sliding surface  pri-defined very carefully. Moreover, the 
advantages of SMFC compared to FLC reduce the number of fuzzy rule base and increase the robustness 
and stability. At last FSMC compare to the SMFC is more suitable for implementation action.  
The tuning-gain block has been designed at each input/output stage. The PSO has been used to obtain 
the optimal value of the sliding surface slope. Off-line control method (e.g., PSO) is used in systems whose 
dynamic parameters are varying and need to be trained off line. In general states PSO algorithm can be 
tuned classical controller coefficient and fuzzy coefficient or membership function. PSO fuzzy inference 
system provide a good knowledge tools to adjust a complex uncertain nonlinear system with changing 
dynamics to have an acceptable performance [63-65] Combined PSO method to artificial sliding mode 
controllers can help the controllers to have a better performance by off-line tuning the nonlinear and time 
variant parameters [63-65].  
 
 In this research we will highlight the SISO PSO fuzzy sliding mode algorithm with estimates the equivalent 
part derived in the Lyapunov sense. This algorithm will be analyzed and evaluated on robotic manipulators. 
Section 2, serves as an introduction to the classical sliding mode control algorithm and its application to a 
two degree of-freedom robot manipulator, describe the objectives and problem statements. Part 3, 
introduces and describes the methodology algorithms and proves Lyapunov stability. Section 4 presents 
the simulation results of this algorithm applied to a 2 degree-of-freedom robot manipulator and the final 
section is describe the conclusion.     
 

2.  OBJECTIVES, PROBLEM STATEMENTS AND SLIDING MODE FORMULATION 
When system works with various parameters and hard nonlinearities design linear controller technique is 
very useful in order to be implemented easily but it has some limitations such as working near the system 
operating point[2-20]. Sliding mode controller is used in wide range areas such as in robotics, in control 
process, in aerospace applications and in power converters because it has an acceptable control 
performance and solve some main challenging topics in control such as resistivity to the external 
disturbance. Even though, this controller is used in wide range areas but, pure sliding mode controller has 
the following disadvantages: chattering problem; which caused the high frequency oscillation in the 
controllers output and equivalent dynamic formulation; calculate the equivalent control formulation is 
difficult because it depends on the dynamic equation [20]. Conversely pure FLC works in many areas, it 
cannot guarantee the basic requirement of stability and acceptable performance[30-40]. Although both 
SMC and FLC have been applied successfully in many applications but they also have some limitations. 
The linear boundary layer method is used to reduce or eliminate the chattering and fuzzy estimator is used 
instead of dynamic equivalent equation to implement easily and avoid mathematical model base controller. 
To reduce the effect of uncertainty in proposed method, self tuning sliding mode fuzzy method is applied in 
fuzzy sliding mode controller in robot manipulator in order to solve above limitation.  
The dynamic equation of an n-link robot manipulator is define as [53-62] 

 (1) 

 
Where  is the vector of joint position,  is the inertial matrix,  is the matrix of 
Coriolis and centrifugal forces,  is the gravity vector and  is the vector of joint torques. 
This work focuses on two-degree-of-freedom robot manipulator.  
The dynamics of this robotic manipulator is given by [1, 6, 9-14] 

 (2) 

Where 

 

(3) 
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(4) 

Our target is to track the desired trajectories  of the robotic manipulators (2) by using a sliding mode 
controller. We extract  from  in (2) and rewrite (2) as  

 (5) 

Where 

 

(6) 

We define the tracking error as  

 (7) 

Where , . The sliding surface is expressed as  
e (8) 

Where   ,  and  are chosen as the bandwidth of the robot controller. 
We need to choose  to satisfy the sufficient condition (9). We define the reference state as  

 

(9) 

 
e (10) 

 
Now we pick the control input  as  

 (11) 

 
Where  and  are the estimations of  and ;  and  are 
diagonal positive definite matrices. From (7) and (11), we can get  

 (12) 

 
Where  ,  and   . We assume that the bound 

 is known. We choose  as 

 (13) 

 
We pick the Lyapunov function candidate to be  

 

(14) 

Since  is positive symmetric definite,  for . Take the derivative of  with respect to time in (6) 
and we get 

=  
(15) 

From (11) and (15) we get  

 

(16) 

Which is a skew-systemmetric matrix satisfying 

 (17) 

Then  becomes 

 
 

 

 
      

(18) 

For  , we always get . We can describe  as 
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(19) 

To attenuate chattering problem, we introduce a saturation function in the control law instead of the sign 
function in (9). The control law becomes 

) (20) 

In this classical sliding mode control method, the model of the robotic manipulator is partly unknown. To 
attenuate chattering, we use the saturation function described in (20). Our control law changes to  

 (21) 

The main goal is to design a position controller for robot manipulator with acceptable performances 
(e.g., trajectory performance, torque performance, disturbance rejection, steady state error and RMS 
error). Robot manipulator has nonlinear dynamic and uncertain parameters consequently; following 
objectives have been pursuit in the mentioned study. 

• To develop a chattering in a position pure sliding mode controller against uncertainties. 
• To design and implement a position fuzzy estimator sliding mode controller in order to solve the 

equivalent problems in the pure sliding mode control. 

• To develop a position sliding mode fuzzy adaptive fuzzy sliding mode controller in order to solve 
the disturbance rejection. 

Figure 1 is shown the classical sliding mode methodology with linear saturation function to eliminate the 
chattering. 

 
 

FIGURE 1: Classical sliding mode controller: applied to two-link robotic manipulator 

 

3. METHODOLOGY: DESIGN A NOVEL PSO SISO LYAPUNOV BASED FUZZY  
ESTIMATOR SLIDING  MODE ALGORITHM 

First part is focuses on design chattering free sliding mode methodology using nonlinear saturation like 

algorithm. A time-varying sliding surface  is given by the following equation: 

 

(22) 

where λ is the constant and it is positive. The derivation of S, namely,  can be calculated as the following 
formulation [5-16, 41-62]: 

 (23) 

The control law for a multi degrees of freedom robot manipulator is written as: 
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 (24) 

Where, the model-based component  is the nominal dynamics of systems and it can be calculate as 

follows: 

 (25) 

Where  is an inertia matrix which it is symmetric and positive,  is 
the vector of nonlinearity term and  is the vector of gravity force and  with 
minimum chattering based on [9-16] is computed as; 

 
(26) 

Where  is a dead zone (saturation) function and, u and b are 

unlimited coefficient, by replace the formulation (5) in (3) the control output can be written as; 

 

(27) 

Where the function of  defined as; 

 

(28) 

 
Fuzzy logic is a multivalued logic, which can transfer mathematical equation of nonlinear dynamic 
parameter to expert mathematical knowledge [31]. A block diagram of fuzzy controller is shown in Figure 2. 
Even though the application area for fuzzy logic control is really wide, the basic form for all command types 
of controllers still consists of: Input fuzzification (binary-to-fuzzy [B/F] conversion), Fuzzy rule base, 
Inference engine, and Output deffuzzification (fuzzy-to-binary [F/B] conversion) [32-35]. 

 
FIGURE 2: Fuzzy controller block diagram [40] 

 
The basic structure of a fuzzy controller is shown in Figure 3. 
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FIGURE 3: Structure of fuzzy logic controller [40] 

 
To eliminate the chattering fuzzy inference system is used instead of linear saturation function to design 
nonlinear sliding function which as a summary the design of fuzzy logic controller for SMC has five steps: 
Determine inputs and outputs: This controller has one input  and one output ( ).  The input is sliding 
function  and the output is coefficient which estimate the saturation function  
Find membership function and linguistic variable: The  linguistic variables for sliding surface  are; 
Negative Big (NB), Negative Medium (NM), Negative Small (NS), Zero (Z), Positive Small (PS), Positive 
Medium (PM), Positive Big (PB), and the linguistic variables to find the saturation coefficient  are; Large 
Left (LL), Medium Left (ML), Small Left (SL), Zero (Z), Small Right (SR), Medium Right (MR), Large Right 
(LR).  
Choice of shape of membership function: In this work triangular membership function was selected. 
 
Design fuzzy rule table:  design the rule base of fuzzy logic controller can play important role to design 
best performance FSMC, suppose that two fuzzy rules in this controller are  

F.R
1
: IF S is Z, THEN  is Z. 

F.R
2
:
 
IF S is (PB) THEN  is (LR). 

 

(29) 

The complete rule base for this controller is shown in Table 1.  
 

TABLE 1: Rule table for proposed FSMC 
 

 NB NM NS Z PS PM PB 

 LL ML SL Z SR MR LR 

 
     
   The control strategy that deduced by Table1 are 

� If sliding surface (S) is N.B, the control applied is N.B for moving S to S=0. 
� If sliding surface (S) is Z, the control applied is Z for moving S to S=0. 

 
Defuzzification: The final step to design fuzzy logic controller is deffuzification , there are many 
deffuzzification methods in the literature, in this controller the COG method will be used, where this is 
given by 

 

   (30) 

Second part is focuses on design fuzzy estimator to estimate nonlinear equivalent part. The fuzzy system 

can be defined as below [38-40] 
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(31) 

where   

 

(32) 

where  is adjustable parameter in (8) and  is membership function.  

error base fuzzy controller can be defined as 

 (33) 

In this work the fuzzy controller has one input which names; sliding function. Fuzzy controller with one 
input is difficult to implementation, because it needs large number of rules, to cover equivalent part 
estimation [16-25]. Proposed method is used to a SISO fuzzy system which can approximate the residual 
coupling effect and alleviate the chattering. The robotic manipulator used in this algorithm is defined as 
below: the tracking error and the sliding surface are defined as: 

 (34) 

 

 (35) 

 
We introduce the reference state as 

 (36) 

 

 (37) 

 
The control input is given by 

 (38) 

 
Where  and  are positive constants;  and  is defined as the 

fuzzy gain estimated by fuzzy systems. 
The fuzzy if-then rules for the th joint of the robotic manipulator are defined as 
 

 
(39) 

 
Where  and . 
We define  by 

 

(40) 

 
Where  

, (41) 

 

 

(42) 

The membership function  is a Gaussian membership function defined in bellows: 

 

(43) 

 
The Lyapunov function candidate is given by 

 

(44) 
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Where  The derivative of  is  

 

(45) 

 

Since  is a skew-symmetric matrix, we can get . From (2) and (36), 

we get  

 (46) 

 
Since  and  in (44) and (45), we get 

   (47) 

 

Where  then  becomes  

  

  

  

  

  

  

 

 

 

We choose the adaptation law . Since  ,  becomes 

   (48) 

We define the minimum approximation error as  

   (49) 

Then  change to  
   

 

 

 

 
 
 
 
 
 
 
 

(50) 

 
According to Universal Approximation theorem in sliding mode algorithm, the minimum approximation error 

 is as small as possible. We can simply pick  to make . Then we get  for 

. 

The fuzzy division can be reached the best state when  and the error is minimum by the following 

formulation 

 

(51) 

Where is the minimum error,  is the minimum approximation error.  

 

suppose  is defined as follows 
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(52) 

Where  

 

(53) 

where the is the positive constant. 

According to the nonlinear dynamic equivalent formulation of robot manipulator the nonlinear equivalent 

part is estimated by (8) 

 

(54) 

Based on (3) the formulation of proposed fuzzy sliding mode controller can be written as; 

 
(55) 

Where  

Figure 4 is shown the proposed fuzzy sliding mode controller.  

 
 

FIGURE 4: Proposed fuzzy estimator sliding mode algorithm: applied to robot manipulator 
Figure 5 is shown the fuzzy instead of saturation function. 
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FIGURE 5: Nonlinear fuzzy inference system applied to linear saturation function 

 
Parts three is focused on PSO algorithm and tune the coefficient of sliding function. Particle Swarm 
Optimization (PSO) is one of the evolutionary optimization algorithms in the branch of swarm intelligence 
developed by Eberhart and Kennedy in 1995[4]. This algorithm was inspired by the social movement 
behavior of the birds in the flock searching for food. Compared to the other evolutionary algorithms, the 
main excellences of this algorithm are: Simple concept, easy to implement, robustness in tuning 
parameters, minimum storage space and both global and local exploration capabilities. These birds in a 
flock are symbolically described as particles. These particles are supposed to a swarm “flying” through the 
problem space. Each particle has a position and a velocity. Any particle’s position in the problem space 
has one solution for the problem. When a particle transfers from one place to another, a different problem 
solution is generated. Cost function evaluated the solution in order to provide the fitness value of a particle. 
“Best location” of each particle which has experienced up to now, is recorded in their memory, in order to 
determine the best fitness value. Particles of a swarm transmit the best location with each other to adapt 
their own location according to this best location to find the global minimum point. For every generation, 
the new location is computed by adding the particle’s current velocity to its location. PSO is initialized with 
a random population of solutions in N-dimensional problem space, the i th particle changes and updates its 
position and velocity according to the following formula: 

 (56) 

Where  is calculated by 
= +  (57) 

Where   is the inertia weight implies the speed of the particle moving along the dimensions in a problem 
space.  and  are acceleration parameters, called the cognitive and social parameters;  and 

 are functions that create random values in the range of (0, 1). is the particle’s current location;  
 (personal best) is the location of the particle experienced its personal best fitness value;  (global 

best) is the location of the particle experienced the highest best fitness value in entire population; d is the 
number of dimensions of the problem space;  . W is the momentum part of the particle or constriction 
coefficient [5] and it is calculated based on the following equation; 

 
(58) 
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= +       ,     (59) 

Equation 56 needs each particle to record its location , its velocity , its personal best fitness value P 

id, and the whole population’s best fitness value . On the basis of following equation the best fitness 

value Xi is updated at each generation, where the sign  represents the cost function;  indicated 
the best fitness values; and t denotes the generation step. 

 

(60) 

In PSO, the knowledge of each particle will not be substituted until the particle meets a new position vector 
with a higher competence value than the currently recorded value in its memory [6]. External disturbances 
influence on tracking trajectory, error rate and torque which result in chattering. But the values are not such 
a great values and these oscillations are in all physical systems. So, the sliding mode controller can reject 
perturbations and external disturbances if these parameters adjust properly. So the methodology which is 
applied in this paper in order to select the best values for these deterministic coefficients to accomplish 
high performance control is the particle swarm optimization algorithm. This algorithm tunes the gains and 
determines the appropriate values for these parameters in harmony with the system which was introduced 
in rear part. 
 

4. RESULTS 
Sliding mode controller (PD-SMC) and PSO SISO Lyapunov based fuzzy estimator sliding mode (PSO-
FSMC) algorithms were tested to desired response trajectory. In this research the first and second joints 
are moved from home to final position without and with external disturbance. The simulation was 
implemented in Matlab/Simulink environments. Trajectory performance, torque performance and 
disturbance rejection are compared in these controllers. It is noted that, these systems are tested by band 
limited white noise with a predefined 40% of relative to the input signal amplitude. This type of noise is 
used to external disturbance in continuous and hybrid systems. 
 

Tracking performances: From the simulation for first and second trajectory without any disturbance with 
sinus trajectory, it was seen that both of controllers almost have the same performance, because these 
controllers are adjusted and worked on certain environment. Figure 6 is shown tracking performance in 

certain system and without external disturbance these two controllers. 

 

 
 

FIGURE 6: SMC Vs.  PSO-FSMC: applied to 2-DOF serial robot manipulator 
By comparing trajectory response in above graph it is found that the PSOFSMC undershoot (0%) is lower 
than SMC (8.8%), although both of them have about the same overshoot.  
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Disturbance Rejection: Figure 7 has shown the power disturbance elimination in SMC and PSOFSMC. 
The main target in these controllers is disturbance rejection as well as reduces the chattering. A band 
limited white noise with predefined of 40% the power of input signal is applied to above controllers. It found 
fairly fluctuations in SMC trajectory responses.  

 

 
 

FIGURE 7: SMC Vs.  PSO-FSMC with disturbance: applied to 2-DOF serial robot manipulator 
 
Among above graph, relating to sinus trajectory following with external disturbance, pure SMC has slightly 
fluctuation. By comparing overshoot, rise time, and settling time; PSO SMC’s overshoot (0%) is lower than 
SMC's (11%) and SMC’s rise time (0.66 sec) is considerably the same as PSO SMC’s (0.61 sec). 
 
Chattering Phenomenon: Chattering is one of the most important challenges in sliding mode controller 
for this reason the major objectives in this research is eliminate the chattering in controller’s output. Figure 
8 has shown the power of boundary layer (saturation) method to reduce the chattering in SMC.  
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FIGURE 8: Sign Vs.  Nonlinear boundary layer like method in PSO-FSMC: applied to 2-DOF serial robot 

manipulator 
 

Figure 8 has indicated the power of chattering rejection in PSO-FSMC, with and without nonlinear 
boundary layer like method using fuzzy algorithm. Overall in this research with regard to the sinus 
response, PSO SMC has the steady chattering compared to the pure SMC in uncertain or/and external 
disturbance area with regard to nonlinear boundary layer like method using fuzzy inference system.   
Error Calculation: Table 2 and Table 3are shown error performance in SMC and PSO-FSMC in presence 
of external disturbance. SMC has oscillation in tracking which causes chattering phenomenon.  
 

TABLE 2: RMS Error Rate of Presented controllers 

 

RMS Error Rate SMC PSO-FSMC 
Without Noise 1e-3 0.9e-3 

With Noise 0.012 0.00012 

 
In these methods if integration absolute error (IAE) is defined by (61), table 2 is shown comparison 
between these two methods. 
 

 

    (61) 

TABLE 3: Calculate IAE 
 

PSO-Fuzzy Estimator SMC Traditional SMC Method 

209.1 430 IAE 

 
 

5. CONCLUSION 
In this work, a SISO PSO fuzzy estimate sliding mode controller is design, analysis and applied to robot 
manipulator. This method focuses on design PSO-FSMC algorithm with the formulation derived in the 
Lyapunov sense. The stability of the closed-loop system is proved mathematically based on the Lyapunov 
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method. The first objective in proposed method is removed the chattering which non linear boundary layer 
method using fuzzy inference system is used to solve this challenge. The second target in this work is 
compensate the model uncertainty by SISO fuzzy inference system, in the case of the m-link robotic 
manipulator, if we define  membership functions for each input variable, the number of fuzzy rules 
applied for each joint is  which will result in a low computational load. In finally part PSO algorithm is 
used to off-line tuning and adjusted the sliding function and eliminates the chattering with minimum 
computational load. In this case the performance is improved by using the advantages of sliding mode 
algorithm, artificial intelligence compensate method and PSO algorithm while the disadvantages removed 
by added each method to previous method. Fuzzy logic method by adding to the sliding mode controller 
has covered negative points in fuzzy and sliding algorithms.  
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Abstract 

 
In this research, a Multi Input Multi Output (MIMO) position Field Programmable Gate Array (FPGA)-based 
fuzzy estimator sliding mode control (SMC) design with the estimation laws derived in Lyapunov sense and 
application to robotic manipulator has proposed in order to design high performance nonlinear controller in 
the presence of uncertainties. Regarding to the positive points in sliding mode controller, fuzzy inference 
methodology and Lyapunov based method, the controllers output has improved. The main target in this 
research is analyses and design of the position MIMO artificial Lyapunov FPGA-based controller for robot 
manipulator in order to solve uncertainty, external disturbance, nonlinear equivalent part, chattering 
phenomenon, time to market and controller size using FPGA. Robot manipulators are nonlinear, time 
variant and a number of parameters are uncertain therefore design robust and stable controller based on 
Lyapunov based is discussed in this research. Studies about classical sliding mode controller (SMC) show 
that: although this controller has acceptable performance with known dynamic parameters such as stability 
and robustness but there are two important disadvantages as below: chattering phenomenon and 
mathematical nonlinear dynamic equivalent controller part. The first challenge; nonlinear dynamic part; is 
applied by inference estimator method in sliding mode controller in order to solve the nonlinear problems in 
classical sliding mode controller. And the second challenge; chattering phenomenon; is removed by linear 
method. Asymptotic stability of the closed loop system is also proved in the sense of Lyapunov. In the last 
part it can find the implementation of MIMO fuzzy estimator sliding mode controller on FPGA; FPGA-based 
fuzzy estimator sliding mode controller has many advantages such as high speed, low cost, short time to 
market and small device size. One of the most important drawbacks is limited capacity of available cells 
which this research focuses to solve this challenge. FPGA can be used to design a controller in a single 
chip Integrated Circuit (IC). In this research the SMC is designed using Very High Description Language 
(VHDL) for implementation on FPGA device (XA3S1600E-Spartan-3E), with minimum chattering. 

 
Keywords: Mathematical Tunable, FPGA, MIMO Fuzzy Estimator, Fuzzy Sliding Mode Based 
Lyapunov Algorithm, Robot Manipulator, Chattering Phenomenon, VHDL language. 
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1. INTRODUCTION, MOTIVATION AND BACKGROUND  
Robot manipulators have many applications in aerospace, manufacturing, automotive, medicine and other 
industries. Robot manipulators consist of three main parts: mechanical, electrical, and control. In the 
mechanical point of view, robot manipulators are collection of serial or parallel links which have connected 
by revolute and/or prismatic joints between base and end-effector frame. The robot manipulators electrical 
parts are used to links motion, which including the following subparts: power supply to supply the electrical 
and control parts, power amplifier to amplify the signal and driving the actuators, DC/stepper/servo motors 
or hydraulic/pneumatic cylinders to motion the links, and transmission part to transfer data between robot 
manipulator subparts. Control part is used to adjust the timing between the subparts of robot manipulator 
to reach the best performance (trajectory). It provides four main abilities in robot manipulators: controlling 
the manipulators movement in correct workspace, sensing the information from the environment, being 
able to intelligent control behavior and processing the data and information between all subparts. 
Research about mechanical parts and control methodologies in robotic system is shown; the mechanical 
design, type of actuators, and type of systems drive play important roles to have the best performance 
controller. More over types of kinematics chain, i.e., serial Vs. parallel manipulators, and types of 
connection between link and join actuators, i.e., highly geared systems Vs. direct-drive systems are 
presented in the following sentences because these topics played important roles  to select and design the 
best acceptable performance controllers[1-6]. A serial link robot is a sequence of joints and links which 
begins with a base frame and ends with an end-effector. This type of robot manipulators, comparing with 
the load capacitance is more weightily because each link must be supported the weights of all next links 
and actuators between the present link and end-effector[6]. Serial robot manipulators have been used in 
automotive industry, medical application, and also in research laboratories. In contrast, parallel robot 
manipulators design according to close loop which base frame is connected to the end-effector frame with 
two or more kinematic chains[6]. In the other words, a parallel link robot has two or more branches with 
some joints and links, which support the load in parallel. Parallel robot have been used in many 
applications such as expensive flight simulator, medical robotics (I.e., high accuracy, high repeatability, 
high precision robot surgery), and machinery tools. With comparison between serial and parallel links robot 
manipulators,   parallel robots are used in higher speed loads, better accuracy, with used lighter weigh 
robot manipulator but one of the most important handicaps is limitation the workspace compared to serial 
robot. From control point of view, the coupling between different kinematic chains can generate the 
uncertainty problems which cause difficult controller design of parallel robot manipulator[7-12]. One of the 
most important classifications in controlling the robot manipulator is how the links have connected to the 
actuators. This classification divides into two main groups: highly geared (e.g., 200 to 1) and direct drive 
(e.g., 1 to 1). High gear ratios reduce the nonlinear coupling dynamic parameters in robot manipulator. In 
this case, each joint is modeled the same as Single Input Single Output (SISO) systems. In high gear robot 
manipulators which generally are used in industry, the couplings are modeled as a disturbance for SISO 
systems. Direct drive increases the coupling of nonlinear dynamic parameters of robot manipulators. This 
effect should be considered in the design of control systems. As a result some control and robotic 
researchers’ works on nonlinear robust controller design[2].  
 
There are several methods for controlling a robot manipulator, which all of them follow two common goals, 
namely, hardware/software implementation and acceptable performance. However, the mechanical design 
of robot manipulator is very important to select the best controller but in general two types schemes can be 
presented, namely, a joint space control schemes and an operation space control schemes[1]. Sliding 
mode controller (SMC) is a significant nonlinear controller in certain and uncertain dynamic parameters 
systems. This controller is used to present a systematic solution for stability and robustness which they 
can play important role to select the best controller. Conversely, pure sliding mode controller is used in 
many applications; it has two important drawbacks namely; chattering phenomenon, and nonlinear 
equivalent dynamic formulation in uncertain dynamic parameter [1, 6, and 20]. To reduce or eliminate the 
chattering this research is used linear saturation boundary layer function [13-20]. In boundary layer 
saturation method, the basic idea is the discontinuous method replacement by saturation (linear) method 
with small neighborhood of the switching surface. This replacement caused to increase the error 
performance against with the considerable chattering reduction. Slotine and Sastry have introduced 
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boundary layer method instead of discontinuous method to reduce the chattering[21]. Slotine has 
presented sliding mode with boundary layer to improve the industry application [22]. R. Palm has 
presented a fuzzy method to nonlinear approximation instead of linear approximation inside the boundary 
layer to improve the chattering and control the result performance[23]. Moreover, C. C. Weng and W. S. 
Yu improved the previous method by using a new method in fuzzy nonlinear approximation inside the 
boundary layer and adaptive method[24]. As mentioned [24]sliding mode fuzzy controller (SMFC) is fuzzy 
controller based on sliding mode technique to simple implement, most exceptional stability and robustness. 
Conversely above method has the following advantages; reducing the number of fuzzy rule base and 
increasing robustness and stability, the main disadvantage of SMFC is need to define the sliding surface 
slope coefficient very carefully. To eliminate the above problems control researchers have applied artificial 
intelligence method (e.g., fuzzy logic) in nonlinear robust controller (e.g., sliding mode controller) besides 
this technique is very useful in order to implement easily. One of the most important techniques to reduce 
or remove above two challenges is applying non-classical (artificial intelligence) method in robust classical 
such as sliding mode controller method. Estimated uncertainty method used in term of uncertainty 
estimator to compensation of the system uncertainties.  It has been used to solve the chattering 
phenomenon and also nonlinear equivalent dynamic. If estimator has an acceptable performance to 
compensate the uncertainties, the chattering is reduced. Research on estimated uncertainty to reduce the 
chattering is significantly growing as their applications such as industrial automation and robot manipulator. 
For instance, the applications of artificial intelligence, neural networks and fuzzy logic on estimated 
uncertainty method have been reported in [25-28]. Wu et al. [30] have proposed a simple fuzzy estimator 
controller beside the discontinuous and equivalent control terms to reduce the chattering. Their design had 
three main parts i.e. equivalent, discontinuous and fuzzy estimator tuning part which has reduced the 
chattering very well. Elmali et al. [27]and  Li and Xu [29]have addressed sliding mode control with 
perturbation estimation method (SMCPE) to reduce the classical sliding mode chattering. This method was 
tested for the tracking control of the first two links of a SCARA type HITACHI robot. In this technique, 
digital controller is used to increase the system’s response quality. Conversely this method has the 
following advantages; increasing the controller’s response speed and reducing dependence on dynamic 
system model by on-line control, the main disadvantage are chattering phenomenon and need to improve 
the performance. In order to solve the uncertain dynamic parameters and complex parameters systems 
with an artificial intelligence theory, fuzzy logic is one of the best choice which it is used in this research.  
However fuzzy logic method is useful to control complicated nonlinear dynamic mathematical models but 
the response quality may not always be so high. This controller can be used in main part of controller (e.g., 
pure fuzzy logic controller), it can be used to design adaptive controller (e.g., adaptive fuzzy controller), 
tuning parameters and finally applied to the classical controllers [31-40].  Research on combinations of 
fuzzy logic systems with sliding mode method is significantly growing as nonlinear control applications. For 
instance, the applications of fuzzy logic on sliding mode controller have reported in [24, 41-45]. Research 
on applied fuzzy logic methodology in sliding mode controller (FSMC) to reduce or eliminate the high 
frequency oscillation (chattering), to compensate the unknown system dynamics and also to adjust the 
linear sliding surface slope in pure sliding mode controller considerably improves the robot manipulator 
control process [42-43]. H.Temeltas [46] has proposed fuzzy adaption techniques for SMC to achieve 
robust tracking of nonlinear systems and solves the chattering problem. Conversely system’s performance 
is better than sliding mode controller; it is depended on nonlinear dynamic equqation. C. L. Hwang et al. 
[47]have proposed a Tagaki-Sugeno (TS) fuzzy model based sliding mode control based on N fuzzy based 
linear state-space to estimate the uncertainties. A multi-input multi-output FSMC reduces the chattering 
phenomenon and reconstructs the approximate the unknown system has been presented for a robot 
manipulator [42].   
 
As mentioned above sliding mode controller has some limitations which applied fuzzy logic in sliding mode 
controller can causes to reduce the limitations [48-53]. However FSMC has an acceptable performance but 
calculate the sliding surface slope by experience knowledge is difficult, particularly when system has 
structure or unstructured uncertainties, mathematical model free on-line tunable gain is recommended. F Y 
Hsu et al. [54]have presented adaptive fuzzy sliding mode control which can update fuzzy rules to 
compensate nonlinear parameters and guarantee the stability robot manipulator controller. Y.C. Hsueh et 
al. [43] have presented self tuning sliding mode controller which can resolve the chattering problem without 
to using saturation function. For nonlinear dynamic systems (e.g., robot manipulators) with various 
parameters, adaptive control technique can train the dynamic parameter to have an acceptable controller 
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performance. Calculate several scale factors are common challenge in classical sliding mode controller 
and fuzzy logic controller, as a result it is used to adjust and tune coefficient. Research on adaptive fuzzy 
control is significantly growing, for instance, different adaptive fuzzy controllers have been reported in [40, 
55-57]. Research on adaptive fuzzy sliding mode controller is significantly growing as many applications 
and it can caused to improve the tracking performance by online tuning the parameters. The adaptive 
sliding mode controller is used to estimate the unknown dynamic parameters and external disturbances. 
For instance, the applications of adaptive fuzzy sliding mode controller to control the robot manipulators 
have been reported in [24, 29, 45].  Generally, adaptive fuzzy sliding mode control of robot manipulator is 
classified into two main groups’ i.e. multi-input multi-output (MIMO) and single-input single-output (SISO) 
fuzzy systems. 
 
Commonly, most of nonlinear controllers in robotic applications need a real time operation. FPGA-based 
controller has been used in this application because it is small device in size, high speed, low cost, and 
short time to market. Therefore FPGA-based controller can have a short execution time because it has 
parallel architecture.  Research on FPGA-based control of systems is considerably growing as their 
applications such as industrial automation, robotic surgery, and space station's robot arm demand more 
accuracy, reliability, high performance. For instance, the FPGA-based controls of robot manipulator have 
been reported in [63-70]. Shao and Sun [64]have proposed an adaptive control algorithm based on FPGA 
for control of SCARA robot manipulator. They are designed this controller into two micro base controller, 
the linear part controller is implemented in the FPGA and the nonlinear estimation controller is 
implemented in DSP. Moreover this controller is implemented in a Xilinx-FPGA XC3S400 with the 20 KHz 
position loop frequency. The FPGA based servo control and inverse kinematics for Mitsubishi RV-M1 
micro robot is presented in[65, 67] which to reduce the limitation of FPGA capacitance they are used 42 
steps finite state machine (FSM) in 840 n second.  Meshram and Harkare [68-69] have presented a 
multipurpose FPGA-based 5 DOF robot manipulator using VHDL coding in Xilinx ISE 11.1. This controller 
has two most important advantages: easy to implement and flexible. Zeyad Assi Obaid et al. [71] have 
proposed a digital PID fuzzy logic controller using FPGA for tracking tasks that yields semi-global stability 
of all closed-loop signals. The basic information about FPGA have been reported in [63, 69-73]. A review 
of design and implementation of FPGA-based systems has been presented in [63]. The FPGA-based 
sliding mode control of systems has been reported in [74-77]. Lin et al. [74] have presented low cost and 
high performance FPGA-based fuzzy sliding mode controller for linear induction motor with 80% of flip 

flops. The fuzzy inference system has 2 inputs  and one output  with nine rules. Ramos et al. [75] 

have reported FPGA-based fixed frequency quasi sliding mode control algorithm to control of power 
inverter. Their proposed controller is implemented in XC4010E-3-PC84 FPGA from XILINX with acceptable 
experimental and theoretical performance. FPGA-based robust adaptive backstepping sliding mode control 
for verification of induction motor is reported in [76]. A FPGA chip has programmed by Hardware 
Description Language (HDL) which contains two types of languages, Very High Description Language 
(VHDL) and Verilog. VHDL is one of the powerful programming languages that can be used to describe the 
hardware design. VHDL was developed by the Institute of Electrical and Electronics Engineers (IEEE) in 
1987 and Verilog was developed by Gateway Design Automation in 1984 [63, 72]. This research focuses 
on FPGA-based sliding mode control of robot manipulator and it is implemented in XA3S1600E FPGA 
from Xilinx in Xilinx-ISE 9.2i software using VHDL code. 
 
In this research we will highlight the MIMO mathematical model-free adaptive fuzzy estimator sliding mode 
algorithm with estimates the equivalent part derived in the Lyapunov sense. This algorithm will be analyzed 
and evaluated on robotic manipulators. Section 2, serves as an introduction to problem formulation of 
controller and its application to a three degree of-freedom robot manipulator, describe the objectives and 
problem statements. Part 3, introduces and describes the methodology algorithms and proves Lyapunov 
stability. Section 4 presents the simulation results of this algorithm applied to a 3 degree-of-freedom robot 
manipulator and the final section is describe the conclusion.     
 

2. CONTROL FORMULATION, OBJECTIVES AND PROBLEM STATEMENTS  
Fist part is focused on nonlinear dynamic of PUMA 560 robot manipulator. Dynamic equation is the study 
of motion with regard to forces. Dynamic modeling is vital for control, mechanical design, and simulation. It 
is used to describe dynamic parameters and also to describe the relationship between displacement, 
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velocity and acceleration to force acting on robot manipulator.  To calculate the dynamic parameters which 
introduced in the following lines, four algorithms are very important: Inverse dynamics, in this algorithm, 
joint actuators are computed (e.g., force/torque or voltage/current) from endeffector position, velocity, and 
acceleration. It is used in feed forward control. Forward dynamics used to compute the joint acceleration 
from joint actuators. This algorithm is required for simulations. The joint-space inertia matrix, necessary 
for maps the joint acceleration to the joint actuators. It is used in analysis, feedback control and in some 
integral part of forward dynamics formulation. The operational-space inertia matrix, this algorithm maps 
the task accelerations to task actuator in Cartesian space. It is required for control of end-effector.  
 
The field of dynamic robot manipulator has a wide literature that published in professional journals and 
established textbooks[1, 6]. Several different methods are available to compute robot manipulator dynamic 
equations. These methods include the Newton-Euler (N-E) methodology, the Lagrange-Euler (L-E) 
method, and Kane’s methodology[1]. The Newton-Euler methodology is based on Newton’s second law 
and several different researchers are signifying to develop this method[1]. This equation can be described 
the behavior of a robot manipulator link-by-link and joint-by-joint from base to endeffector, called forward 
recursion and transfer the essential information from end-effector to base frame, called backward 
recursive. The literature on Euler-Lagrange’s is vast but a good starting point to learn about it is in[1]. 
Euler-Lagrange is a method based on calculation kinetic energy. Calculate the dynamic equation robot 
manipulator using E-L method is easier because this equation is derivation of nonlinear coupled and 
quadratic differential equations. The Kane’s method was introduced in 1961 by Professor Thomas Kane[1, 
6]. This method used to calculate the dynamic equation of motion without any differentiation between 
kinetic and potential energy functions. The equation of a multi degrees of freedom (DOF) robot manipulator 
is calculated by the following equation[6]: 

           (1) 

  

Where τ is vector of actuation torque, M (q) is symmetric and positive define inertia matrix, 
 is the vector of nonlinearity term, and q is  position vector. In equation 1 if vector of 

nonlinearity term derive as Centrifugal, Coriolis and Gravity terms, as a result robot manipulator dynamic 
equation can also be written as [78-79]: 
 

        (2) 

 
 

(3) 
(4) 

 
 

 

Where,  
 

is matrix of coriolis torques, is matrix of centrifugal torque, is vector of joint velocity that it 

can give by: , and  is vector, that it can given by: . 
In robot manipulator dynamic part the inputs are torques and the outputs are actual displacements, as a 
result in (4) it can be written as [1, 6, 80-81]; 

 
 

 (5) 

  

To implementation (5) the first step is implement the kinetic energy matrix (M) parameters by used of 
Lagrange’s formulation. The second step is implementing the Coriolis and Centrifugal matrix which they 
can calculate by partial derivatives of kinetic energy. The last step to implement the dynamic equation of 
robot manipulator is to find the gravity vector by performing the summation of Lagrange’s formulation. 

 
The kinetic energy equation (M) is a  symmetric matrix that can be calculated by the following 

equation; 

  

(6) 
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As mentioned above the kinetic energy matrix in  DOF is a  matrix that can be calculated by the 
following matrix [1, 6] 

 

(7) 

The Coriolis matrix (B) is a  matrix which calculated as follows; 

 

(8) 

 
and the Centrifugal matrix (C) is a  matrix; 

  
(9) 

And last the Gravity vector (G) is a  vector; 

  

(10) 

 
Robotic control is one of the most active research areas in the field of robotics and one of the well-known 
robot manipulator in the field of academic and industries is PUMA 560 robot manipulator. To position 
control of robot manipulator, the second three axes are locked the dynamic equation of PUMA robot 
manipulator is given by [78-79]; 
 

      

(11) 

Where 
 

      

(12) 

 
 is computed as  

   
    

(13) 

   
 

(14) 

 
      

(15) 
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(16) 

      (17) 

 

 
    

(18) 

     (19) 

 

 
      

(20) 

 
      

(21) 

 
    

(22) 

 
     

(23) 

and Corilios ( ) matrix is calculated as the following  
 

      

(24) 

Where, 
 

  
      

(25) 

 

  
      

(26) 

  
      

(27) 

  
      

(28) 

  
      

(29) 

  
      

(30) 

 
      

(31) 

 
 

(32) 



Farzin Piltan,  N. Sulaiman, Amin Jalali & Koorosh Aslansefat 

 

International Journal of Robotics and Automation, (IJRA), Volume (2): Issue (5): 2011                                              324 

  (33) 

  (34) 

 
 

(35) 

 
 

(36) 

consequently coriolis matrix is shown as bellows; 
 

      

(37) 

Moreover Centrifugal ( ) matrix is demonstrated as 
 

      

(38) 

 
Where, 

  
     

(39) 

 
      

(40) 

  
      

(41) 

 
     

(42) 

  
     

(43) 

 
      

(44) 

    

(45) 

 
     

(46) 

In this research   , as a result 
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(47) 

Gravity ( ) Matrix can be written as  
 

      

(48) 

 
 
Where, 

      (49) 

 
      (50) 

 

       
(51) 

Suppose  is written as follows  
      (52) 

and  is introduced as  
      (53) 

 can be written as 
      (54) 

                                                     
Therefore  for PUMA robot manipulator is calculated by the following equations 
 

        (55) 

        (56) 

      (57) 

     (58) 

      (59) 

      (60) 

An information about inertial constant and gravitational constant are shown in Tables 1 and 2 based on 
[78-79]. 
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TABLE 1: Inertial constant reference (Kg.m
2
) 

 

  

  

  

  

  

  

  

  

  

  

 

  

  

  

  

 
TABLE 2: Gravitational constant (N.m) 

 

  

  

  

 
Second part is focused on sliding mode formulation and its challenge. We define the tracking error as  

 (61) 

Where , . The sliding surface is expressed as  
e (62) 

 
Where   ,  and  are chosen as the bandwidth of the robot controller. 
We need to choose  to satisfy the sufficient condition (63). We define the reference state as  

 

(63) 

 
 

e (64) 
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Now we pick the control input  as  

 (65) 

 
Where  and  are the estimations of  and ;  and  are 
diagonal positive definite matrices. From (61) and (65), we can get  

 (66) 

 
Where  ,  and   . We assume that the bound 

 is known. We choose  as 

 (67) 

 
We pick the Lyapunov function candidate to be  

 

(68) 

 
Which is a skew-systemmetric matrix satisfying 

 
(69) 

 

Then  becomes 

 
 

 

 
      

(70) 

 

For  , we always get . We can describe  as 

 

(71) 

 
To attenuate chattering problem, we introduce a saturation function in the control law instead of the sign 
function in (63). The control law becomes 

) (72) 

 
In this classical sliding mode control method, the model of the robotic manipulator is partly unknown. To 
attenuate chattering, we use the saturation function described in (72). Our control law changes to  

 (73) 

The control law for a multi degrees of freedom robot manipulator is written as: 

 (74) 

Where, the model-based component  is the nominal dynamics of systems and it can be calculate as 

follows: 

 
(75) 

Where  is an inertia matrix which it is symmetric and positive,  is 
the vector of nonlinearity term and  is the vector of gravity force and  with 
minimum chattering based on [5-11] is computed as; 

 
(76) 
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Where  is a dead zone (saturation) function and, u and b are unlimited 

coefficient, by replace the formulation (76) in (74) the control output can be written as; 

 

(77) 

Where the function of  defined as; 

 

(78) 

 
The main goal is to design a FPGA based adaptive mathematical model free MIMO fuzzy estimator 

sliding mode controller.  Based on above robot manipulator has nonlinear and highly uncertain parameters 
consequently; following objectives have been pursuit in this paper. 

• To develop a chattering in a position pure sliding mode controller against uncertainties via linear 
boundary layer method. 

• To design and implement a MIMO fuzzy estimator sliding mode controller in order to solve the 
equivalent problems in the pure sliding mode control with minimum rule base based on Lyapunov 
formulation. 

• To develop a mathematical model free adaptive fuzzy estimator sliding mode controller in order to 
solve the disturbance rejection and reduce the fuzzy rule base. 

• To design and implement a FPGA based mathematical model free adaptive fuzzy estimator sliding 
mode controller   

Figure 1 is shown the classical sliding mode methodology with linear saturation function to eliminate the 
chattering. 

 
 

FIGURE 1: Classical sliding mode controller: applied to 6-link robotic manipulator 
 
Zadeh introduced fuzzy sets in 1965. After 40 years, fuzzy systems have been widely used in different 
fields, especially on control problems. Fuzzy systems transfer expert knowledge to mathematical models. 
Fuzzy systems used fuzzy logic to estimate dynamics of our systems.  Fuzzy controllers including fuzzy if-
then rules are used to control our systems. However the application area for fuzzy control is really wide, 
the basic form for all command types of controllers consists of; 

• Input fuzzification (binary-to-fuzzy[B/F]conversion)  
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• Fuzzy rule base (knowledge base) 

• Inference engine 
• Output defuzzification (fuzzy-to-binary [F/B] conversion) [30-40]. 

The basic structure of a fuzzy controller is shown in Figure 2.  
 

 
FIGURE 2: Block diagram of a fuzzy controller with details. 

 
Conventional control methods use mathematical models to controls systems. Fuzzy control methods 
replace the mathematical models with fuzzy if then-rules and fuzzy membership function to controls 
systems. Both fuzzy and conventional control methods are designed to meet system requirements of 
stability and convergence. When mathematical models are unknown or partially unknown, fuzzy control 
models can used fuzzy systems to estimate the unknown models. This is called the model-free approach 
[31, 35]. 
 

3.  METHODOLOGY: DESIGN A NOVEL FPGA BASED MIMO ADAPTIVE 
MATHEMATICAL MODEL FREE  LYAPUNOV BASED FUZZY ESTIMATE SLIDING 
MODE CONTROL 
Conventional control models can use adaptive control methods to achieve the model-free approach. When 
system dynamics become more complex, nonlinear systems are difficult to handle by conventional control 
methods. Fuzzy systems can approximate arbitrary nonlinear systems. In practical problems, systems can 
be controlled perfectly by expert. Experts provide linguistic description about systems. Conventional 
control methods cannot design controllers combined with linguistic information. When linguistic information 
is important for designing controllers, we need to design fuzzy controllers for our systems. Fuzzy control 
methods are easy to understand for designers. The design process of fuzzy controllers can be simplified 
with simple mathematical models. Adaptive control uses a learning method to self-learn the parameters of 
systems. For system whose dynamics are varying, adaptive control can learn the parameters of system 
dynamics. In traditional adaptive control, we need some information about our system such as the 
structure of system or the order of the system. In adaptive fuzzy control we can deal with uncertain 
systems. Due to the linguistic characteristic, adaptive fuzzy controllers behave like operators: adaptively 
controlling the system under various conditions. Adaptive fuzzy control provides a good tool for making use 
of expert knowledge to adjust systems. This is important for a complex unknown system with changing 
dynamics. We divide adaptive fuzzy control into two categories: direct adaptive fuzzy control and indirect 
adaptive fuzzy control. A direct adaptive fuzzy controller adjusts the parameters of the control input. An 
indirect adaptive fuzzy controller adjusts the parameters of the control system based on the estimated 
dynamics of the plant. 
 
We define fuzzy systems as two different types. The firs type of fuzzy systems is given by 
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(79) 

 

Where   

are adjustable parameters in (18) .  are given membership functions whose parameters 

will not change over time. 
 
The second type of fuzzy systems is given by  
 

 

(80) 

 
Where  are all adjustable parameters. 

From the universal approximation theorem, we know that we can find a fuzzy system to estimate any 
continuous function. For the first type of fuzzy systems, we can only adjust  in  
(79). We define   as the approximator of the real function .  

 (81) 

 
We define  as the values for the minimum error: 

 

(82) 

 
Where  is a constraint set for . For specific   is the minimum approximation 
error we can get. 
 
We used the first type of fuzzy systems (79) to estimate the nonlinear system (75) the fuzzy formulation 
can be write as below; 
 

 

 

(83) 

 
Where  are adjusted by an adaptation law. The adaptation law is designed to minimize the 
parameter errors of  . A MIMO (multi-input multi-output) fuzzy system is designed to compensate 
the uncertainties of the robotic manipulator. The parameters of the fuzzy system are adjusted by 
adaptation laws. The tracking error and the sliding surface state are defined as (58-62) 

 (84) 

 

 (85) 

 
We define the reference state as 

 (86) 

 

 (87) 

 
The general MIMO if-then rules are given by  

 (88) 
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Where  are fuzzy if-then rules;  and  are the input and output 
vectors of the fuzzy system. The MIMO fuzzy system is define as  

 (89) 

 
Where  

 

(90) 

 

and  is defined in (82). To 

reduce the number of fuzzy rules, we divide the fuzzy system in to three parts: 

 

 
 

(91) 

 

 

 
 

(92) 

 

 

 
 

(93) 

 
The control input is given by 

  (94) 

 
Where  ,  are the estimations of  and  and  are 
positive constants;   and  are positive constants. The adaptation law is 
given by  

 

 

 
 

 
(95) 

Where  and   are positive diagonal matrices. 

The Lyapunov function candidate is presented as 

 
 

(96) 

 

Where  and  we define  

  (97) 

 
From (83) and (82), we get 

  (98) 

 
Since  and  , we get 

  (99) 

 
Then  can be written as  
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   (100) 

 
Where   
The derivative of   is 

   (101) 

 

We know that  from (100). Then  

   

(102
) 

 
We define the minimum approximation error as 

  (103) 

We plug (103) in to (102) 

   

  

  

  
 

  

 

This section focuses on, self tuning gain updating factor for sliding function in SMC, namely, sliding surface 
slope (�). The block diagram for this method is shown in Figure 2. In this controller the actual sliding 
surface gain (�) is obtained by multiplying the sliding surface with gain updating factor (�). The gain 
updating factor (�) is calculated on-line by fuzzy dynamic model independent which has sliding surface (S) 
as its inputs. The gain updating factor is independent of any dynamic model of robotic manipulator 
parameters. It is a basic fact that the system performance in SMC is sensitive to gain updating factor, �. 
Thus, determination of an optimum � value for a system is an important problem. If the system parameters 
are unknown or uncertain, the problem becomes more highlighted. This problem is solved by adjusting the 
sliding function of the sliding mode controller continuously in real-time. In this way, the performance of the 
overall system is improved with respect to the classical sliding mode controller.  Gain tuning-SMC has 
strong resistance and solves the uncertainty problems. In this controller the actual sliding function ( ) is 
obtained by multiplying the old sliding function ( with the output of supervisory mathematical free 
model controller .  

                                                                                                                   (104) 
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Tuning FPGA based SMC method can tune automatically the scale parameters using new method. To 
keep the structure of the controller as simple as possible and to avoid heavy computation, a mathematical 
supervisor tuner is selected [13-14]. In this method the tuneable controller tunes the input scaling factors 
using gain updating factors. In this method the sliding function, , is updated by a new coefficient factor, , 
Where  is a function of system error. Figure 3 is shown the proposed method. 

 

 
 

(105) 

 

 

 
 

 
 

(106) 

 

 
 

FIGURE 3: Adaptive MIMO Fuzzy Compensate Fuzzy Sliding Mode Algorithm 
 
FPGA supports thousands of gates, it is a high operational speed, accurate in response, low cost, short 
time to market and small size device, research on FPGA is considerably growing as the application of 
nonlinear (e.g., robotic) systems. The block diagram and part of VHDL code of the FPGA-based sliding 
mode control systems for a robot manipulator is shown in Figure 4. 
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FIGURE 4: FPGA-based Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm  
 
FPGAs Xilinx Spartan 3E families are one of the most powerful flexible Hardware Language Description 
(HDL) programmable IC’s. The last part is focused on the design FPGA based sliding mode controller in 
Xilinx ISE 9.1. As a result the number of fundamental programmable functional element are used in the 
XA3S1600E FPGA equal: the LUT’s (610 out of 29504), CLB (77 out of 3688), Slice (305 out of 14752), 
Multipliers (27 out of 36), registers (397), Block RAM memory (648 K) and as a Map report Peak memory 
usage is 175 MB. 

 

4. RESULTS AND DISCUSSION 
Sliding mode controller (SMC) and adaptive MIMO fuzzy compensate SMC and FPGA-based adaptive 
MIMO fuzzy compensate were tested to Step response trajectory. In this simulation the first, second, and 
third joints are moved from home to final position without and with external disturbance. The simulation 
was implemented in Matlab/Simulink and Xilinx-ISE 9.1 environments. It is noted that, these systems are 
tested by band limited white noise with a predefined 40% of relative to the input signal amplitude which the 
sample time is equal to 0.1. This type of noise is used to external disturbance in continuous and hybrid 
systems. 
 

Tracking performances: Figure 5 is shown the tracking performance in SMC and adaptive MIMO fuzzy 
compensate SMC without disturbance for Step trajectories. The best possible coefficients in Step SMC are; 

 . From the simulation for first, second, 

and third links, different controller gains have the different result. Tuning parameters of SMC and adaptive 
MIMO fuzzy compensate SMC for this type trajectories in PUMA robot manipulator are shown in Table 3.  
 

TABLE 3: Tuning parameters of Step SMC 
 

 
1

λ
 

1
k  

1
φ  

2
λ

 
2

k  
2

φ  
3

λ
 

3
k  

3
φ  SS error

1
 SS error

2
 SS error

3
 

RMS error 

data1 3 30 0.1 6 30 0.1 6 30 0.1 0 0 -5.3e-15 0 

data2 30 30 0.1 60 30 0.1 60 30 0.1 -5.17 14.27 -1.142 0.05 

data3 3 300 0.1 6 300 0.1 6 300 0.1 2.28 0.97 0.076 0.08 
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FIGURE 5: SMC Vs. Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: Trajectory performance.  

 
Figure 6 is shown the tracking performance in FPGA-based adaptive MIMO fuzzy compensate SMC 
without disturbance for Step trajectory.  

 

 
 

FIGURE 6: FPGA based Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: Trajectory 
performance.  
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As mentioned above graphs (Figure 5 and 6), in certain (structured and unstructured) environment it is 
shown that both of sliding mode controller and adaptive MIMO fuzzy compensate sliding mode algorithm 
removed the chattering because these controller are used linear boundary layer saturation method. 

 
Disturbance Rejection: Figure 7 is indicated the power disturbance removal in SMC and adaptive MIMO 
fuzzy compensate sliding mode algorithm. As mentioned before, SMC is one of the most important robust 
nonlinear controllers. Besides a band limited white noise with predefined of 40% the power of input signal 
is applied to the step SMC and adaptive MIMO fuzzy compensate sliding mode algorithm; it found slight 
oscillations in SMC trajectory responses. As a result, by comparing SMC and adaptive MIMO fuzzy 
compensate sliding mode algorithm, it found that adaptive MIMO fuzzy compensate sliding mode algorithm 
is more robust than SMC with regards to the same external disturbance.    
 

 
FIGURE 7: SMC Vs. Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: Disturbance rejection.  

 
Figure 8 is shown the tracking performance in FPGA-based adaptive MIMO fuzzy compensate SMC with 
external disturbance for Step trajectory.  
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FIGURE 8: FPGA based Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: Disturbance 
rejection 

 
Chattering Phenomenon: Figure 9 has presented the power of adaptive MIMO fuzzy compensate SMC. 
These figures have illustrated the power chattering elimination in SMC as well as in adaptive MIMO fuzzy 
compensate SMC, with external disturbance. By comparing these controllers, conversely SMC has slight 
fluctuations; adaptive MIMO fuzzy compensate SMC is steadily stabilized.  As a result, with respect to the 
external disturbance adaptive MIMO fuzzy compensate SMC has an acceptable performance.  

 

 
 



Farzin Piltan,  N. Sulaiman, Amin Jalali & Koorosh Aslansefat 

 

International Journal of Robotics and Automation, (IJRA), Volume (2): Issue (5): 2011                                              338 

FIGURE 9: SMC Vs. Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: Chattering.  
 
Figure 10 is shown the chattering phenomenon in FPGA-based adaptive MIMO fuzzy compensate SMC 
with external disturbance for Step trajectory.  

 

 
 

FIGURE 10: FPGA based Adaptive MIMO Fuzzy Compensate Sliding Mode Algorithm: chattering rejection 
 

5. CONCLUSION AND EXTENSION  
Refer to the research, a position FPGA-based mathematical model free adaptive fuzzy estimator sliding 
mode control Lyapunov based design and application to PUMA robot manipulator has proposed in order to 
design high performance robust and stable FPGA based nonlinear controller in the presence of structure 
and unstructured uncertainties. The stability of the closed-loop system is proved mathematically based on 
the Lyapunov method. The first objective in proposed method is removed the chattering which linear 
boundary layer method is used to solve this challenge. The second target in this work is compensate the 
model uncertainty by MIMO fuzzy inference system, in the case of the m-link robotic manipulator, if we 
define  membership functions for each input variable, the number of fuzzy rules applied for each joint is 

 which will result in a low computational load. The third target in this research is applied mathematical 

model free to MIMO fuzzy estimator sliding mode algorithm and eliminate the chattering with minimum 
computational load and the final main goal is design FPGA based proposed methodology which in this 
case the performance is improved by using the advantages of sliding mode algorithm, artificial intelligence 
compensate method, adaptive algorithm and FPGA while the disadvantages removed by added each 
method to previous method. Fuzzy logic method by adding to the sliding mode controller has covered 
negative points in fuzzy and sliding algorithms. Higher implementation speed and small chip size versus an 
acceptable performance is reached by designing FPGA-based sliding mode controller. This 
implementation considerably reduces the chattering phenomenon and error in the presence of certainties. 
The controller works with a maximum clock frequency of 63.29 MHz and the computation time (delay in 
activation) of this controller is 0.1 . As a result, this controller will be able to control a wide range of robot 

manipulators with a high sampling rates because its small size versus high speed markets. 
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Abstract 

 
In this paper, Takagi-Sugeno (T-S) fuzzy descriptor proportional multiple-integral derivative 
(PMID) and proportional derivative (PD) observer methods that can estimate the system states 
and actuator faults simultaneously are proposed. T-S fuzzy model is obtained by linearsing 
satellite/spacecraft attitude dynamics at suitable operating points. For fault estimation, actuator 
fault is introduced as state vector to develop augmented descriptor system and robust fuzzy 
PMID and PD observers are developed. Stability analysis is performed using Lyapunov direct 
method. The convergence conditions of state estimation error are formulated in the form of LMI 
(linear matrix inequality). Derivative gain, obtained using singular value decomposition of 
descriptor state matrix (E), gives more design degrees of freedom together with proportional and 
integral gains obtained from LMI. Simulation study is performed for our proposed methods. 
 
Keywords: Fault, Descriptor Systems, Estimation, Fuzzy Model, Observers, Robustness, Linear 
Matrix Inequality, Quadratic Stability.

 
 
1. INTRODUCTION 

A fault is termed as an unexpected change in the system’s behavior that deteriorates the normal 
functioning of the system. The process of estimating the magnitude of the fault occurring in the 
system is coined as fault estimation [3]. In order to accomplish successful space missions the 
safety of satellite/spacecraft attitude control systems is crucial. Actuators and sensors are 
essential components of satellite control systems. If they get faulty, fault diagnosis must be 
carried out in order to avert the danger involved in space missions. Using sliding mode observers 
[6, 7] and adaptive observers [9], fault diagnosis is carried out extensively. 
 
Integral actions are helpful to achieve steady-state accuracy in control systems. The design of 
proportional-integral (PI) observers were established [10] with the introduction of integral action in 
observer design. Till now, such observers have attracted many researchers. 
 
The problem of constructing the observers for descriptor linear systems has been studied by 
many researchers parallel to the standard linear control systems. The design of full-order 
observers and reduced-order observers for descriptor linear systems can be found in fault 
diagnosis literature. 
 
In real sense of words, the satellite attitude dynamics show non-linearity. So, Takagi-Sugeno (T-
S) fuzzy model [11] can be used to linearise the satellite attitude dynamics at suitable operating 
points. [4] introduced fuzzy proportional multiple-integral observer method for robust actuator fault 
estimation. The idea of generalized proportional integral derivative (GPID) and proportional 
multiple-integral derivative (PMID) observers is proposed by [1, 2]. 
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In this paper, we propose fuzzy PMID and PD observer based methods for robust actuator fault 
estimation. In our design, derivative gain gives more design degrees of freedom as compared to 
fuzzy PMI observers. The design constraints in our fuzzy PMID method are not strict for observer 
gains as compared to PMID or PID observers mentioned above. 
  
In Section 2, we formulate the problem for actuator fault estimation of satellite control systems. 
The T-S fuzzy PMID & PD descriptor observers are designed in Section 3 and Section 4 
respectively. Simulation studies are performed in order to validate the proposed methods in 
Section 5. 
 

2. PROBLEM FORMULATION 

 
2.1 ATTITUDE DYNAMICS 
The equation of rotational motion of rigid satellite/spacecraft body is: 
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Therefore, 
 

( )( ) duw TThJSJ +=++ ωωω&                                                                                                            (3) 

where inertia matrix of satellite is J ,ω is angular velocity with respect to inertial frame, uT is output 

torque of the flywheels, dT  is the disturbance from environment and wh  is the angular momentum 

of three flywheels [4].  
 

Withω as the state variable and actuator fault af , the state space system for (3) is represented 

as: 

( )( )
.

1111

.
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++++−= −−−− ωω&
                                                                             (4) 

Now (4) can be written as [4]: 

( )
Cxy

FfDdBuxfx a

=

+++= ,&
                                                                                                               (5) 

where ( ) ( )( ) 11
,

−− ===+−= JFDBhJSJxf wωω and 33×= IC
 

 
2.2 T-S Fuzzy Model 
The T-S fuzzy model consists of an if-then rule base. The antecedent of each rule [8] comprises 
of scheduling variables and fuzzy sets. The consequent of each rule is a simple functional 
expression.  
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The i-th rule is described as 
 
Model rule i: 

If 1z is i
Z1 and … and pz is i

pZ  then ( )zFy i=  

 

where the vector z has p components, jz  j =1, 2… p, and stands for the vector of scheduling 

variables and their values determine the degree to which rules are active. The sets, i
jZ , j=1, 2, … 

, p; i = 1, 2, …, m, where m is the number of the rules, are  the antecedents fuzzy sets. The 

values of a scheduling variable  belong to a fuzzy set i
jZ  with a truth value given by the 

membership function ijλ : [0, 1]. The truth value for an entire rule is determined based on the 

individual premise variables, using a conjunction operator as:  
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The fuzzy weights are determined as 
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The T-S fuzzy system for (5) can be written as: 
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where kn
i RF

×∈ . 

 
Each linearised model for satellite can be obtained as [4]:

 ( )
.

,0

Cxy

FfDdBuxAx a

=

+++= ω&
                                                                                                           (9) 

where ( ) ( ) 1
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1
0 ,

−− ===−= JFDBJSJA ωω , 33×= IC  and 0ω  is the operating point. 

 
So we [4] have 
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3. T-S FUZZY DESCRIPTOR PMID OBSERVER 
Consider the following fuzzy descriptor system 
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where nRx ∈  is the descriptor state vector, mRu ∈ and p
Ry ∈ are, respectively, the control input 

and output vectors, k
a Rf ∈ is unknown actuator fault. The matrix E may be singular.  
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The q-th derivative of the fault is assumed to be bounded. The fault considered in this paper 

allows q 1 as the first derivatives of faults with time are bounded. 
 
Consider the following system with proportional, multiple integral and derivative weights of the 
output estimation error 
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Here, nRx ∈ˆ  is an estimation of the descriptor state vector x , and ( )qiRf
ki

a ,...,2,1ˆ =∈ is an 

estimation of ( )iq − -th derivative of the fault; the proportional gain pn
p RL ×∈ , the derivative 

gain pn
d RL

×∈  and the integral gain pk
i RL

×∈  are design matrices. 

 
In order to estimate the actuator fault, we construct an augmented descriptor system as follows: 

Let ( ) ( )qif
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                                                                                                           (14)

 

 
Using (12), (13) and (14), we get: 
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Now we develop observer for augmented system (15) as: 
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The dynamic state error equation is: 
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Condition 1: The trio ( )CAE i ,,  is completely observable if 
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Theorem 1: If conditions 1 and 2 are satisfied, there exists a robust fuzzy observer in the form of 
(16) for the plant (15), which can make the steady estimator error dynamics as small as any 

desired accuracy. The derivative gain is such that CLES d+= is non-singular and the gain pL is 

solved from the following linear matrix inequalities if there exists a common positive definite 
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with 0>γ then ip YSPL 1−=  

Proof: Under the conditions 1 and 2, the trio ( )CAE i ,,  is completely observable. Then derivative 

gain must be chosen such that S is non-singular. 
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For ( ) ,mErank = singular value decomposition of descriptor state matrix E gives two orthogonal 

matrices Γ and Ξ such that 
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In order that trio (E, A, C) is completely observable, 

( ) mnCrank −=2  
 
Thus, one has derivative gain as below [12]: 
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where dγ is any positive number.  

 
We can compute as below [12]: 
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which implies that CLE d+  is non-singular. Now by using ,, dLE and C , we can say that 

CLES d+=  is non-singular too. 

 
Stability analysis is performed using Lyapunov direct method. The convergence conditions of 
state estimation error are formulated in the form of LMI (linear matrix inequality).The proportional 
and integral gains are determined from obtained LMI (21). 
 
When a system is quadratically stable it implies that it is stable. However, the reverse is not 
necessarily true. So, the conditions obtained using the Lyapunov function are only sufficient. The 
unforced T-S model is quadratically stable if the Lyapunov function decreases and tends to zero 
when time approaches to infinity for all trajectories of error in our case.  
 
The goal of robust actuator fault estimation is to determine proportional and integral gains 
(together with derivative gains) that cause the asymptotic convergence of error towards zero as 
time tends to infinity in case of disturbances and perturbations. 
 
Consider the following Lyapunov function candidate, 

( ) ,ePeeV T=  
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Define ip YSPL 1−= and consider the Lyapunov function V such that 
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Thus integrating this expression leads to  
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Since T-S model is asymptotically stable and with zero initial conditions, we obtain 
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Now, the stability conditions are obtained as in (25) below 
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4. T-S FUZZY DESCRIPTOR PD OBSERVER 
Consider the following fuzzy descriptor system with proportional and derivative weights of the 
output estimation error 
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where pL and dL are respectively the proportional and derivative gain matrices. Derivative gain is 

determined using (22). 
 
In order to obtain the estimation of actuator fault, we introduce fault as an auxiliary state vector in 
(11) and get the following augmented system, 
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If there exists an observer as (28) for the plant (27), then actuator fault and the states of the 
system can be estimated simultaneously. 
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The dynamic state error equation is: 
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Theorem 2: If conditions 1 and 2 are satisfied, there exists a robust fuzzy observer in the form of 
(28) for the plant (27), which can make the steady estimator error dynamics as small as any 

desired accuracy. The derivative gain is such that CLES d+= is non-singular and the gain pL is 

solved from the following linear matrix inequalities if there exists a common positive definite 
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with 0>γ then ip YSPL 1−=  

Proof: Proof is similar to theorem 1. Derivative gain and proportional gains are obtained in the 
same fashion as in theorem 1. The only difference is that we have removed multiple integrals.    
 
Remark: As we have introduced the actuator fault as an auxiliary state vector in the plant (11), the 

matrix 3IF = and not the inverse of inertia matrix J. The actuator fault can be directly isolated 

from estimated state x̂ . 
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5. SIMULATION RESULTS 
In order to obtain the T-S fuzzy model, suitable operating points are chosen in the vicinity of zero 
and we employ triangular membership function in this case. The actuator faults [4] along three 
axes are 
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The simulation data is borrowed from [4]. The proportional and integral gains are obtained using 
proper index γ

 
for fuzzy PMID. In case of fuzzy PD, only proportional gains are determined using 

(30).   

The T-S Fuzzy PMID Descriptor Observer shows satisfactory performance when q 1. The 
simulation results shown below are obtained using MATLAB/SIMULINKsoftware.  
 
In order to get the T-S fuzzy model, linearization method is employed using suitably choosen 8 
different operating points in the vicinity of equilibrium point (0,0,0). The reasonable index γ  is 

choosen in such a way that feasible solution is obtained for LMIs  in (21) & (30).  
 
Derivative gain is obtained from (22) and proportional-integral gains are determined from (21) for 
fuzzy descriptor PMID observer. The fuzzy descriptor system (15) and fuzzy descriptor observer 
(16) are simulated in SIMULINK to get the outputs shown in this section. Similar procedure is 
followed for fuzzy descriptor PD observer using (22), (27), (28), and (30).  
 
Actuator fault estimation using T-S fuzzy descriptor PMID  and PD observers is shown in figures 
1 – 6. It can be infered from these figures that proposed fuzzy descriptor PMID observer 
outperforms fuzzy descriptor PD observer. So, the multiple integral actions introduced in observer 
estimate the fault more better.  
 
In order to have better idea, the figures for estimated error are also obtained that clearly 
represents that fuzzy descriptor PMID performs better than fuzzy descriptor PD observer. 
  
The derivative gain can give us more design degrees of freedom. It can make us obtain fuzzy 
PMID and PD observer only with original coefficient matrices together with proportional or 
proportional-integral gains. Further, the effects of faults and disturbances are reduced with 

smaller values of 1−S  as we increase the derivative gain. Due to such effect, faults are estimated 

more accurately. 
 
In the present design, we have to take only the original system matrices into consideration which 
clearly indicates that the simultaneous observer is state-space observer. So it is more easy in 
computation and reliable in many applications [12]. 
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FIGURE 1: Actuator fault estimation along X-axis using T-S fuzzy descriptor PMID observer  
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 FIGURE 2: Actuator fault estimation along Y-axis using T-S fuzzy descriptor PMID observer 
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FIGURE 3: Actuator fault estimation along Z-axis using T-S fuzzy descriptor PMID observer  
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FIGURE 4: Actuator fault estimation along X-axis using T-S fuzzy descriptor PD observer     
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FIGURE 5: Actuator fault estimation along Y-axis using T-S fuzzy descriptor PD observer      
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 FIGURE 6: Actuator fault estimation along Z-axis using T-S fuzzy descriptor PD observer      

                   



R. Challoo & S. Dubey 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011 355 

0 20 40 60 80 100 120
-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

Time (sec)

E
rr

o
r

 
          FIGURE 7: Estimated error for fault along X-axis using T-S fuzzy descriptor PD observer 
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          FIGURE 8: Estimated error for fault along Y-axis using T-S fuzzy descriptor PD observer 

 

0 20 40 60 80 100 120
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
rr

o
r

Time (sec)

 
          FIGURE 9: Estimated error for fault along Z-axis using T-S fuzzy descriptor PD observer 
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FIGURE 10: Estimated error for fault along X-axis using T-S fuzzy descriptor PMID observer 
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FIGURE 11: Estimated error for fault along Y-axis using T-S fuzzy descriptor PMID observer 
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FIGURE 12: Estimated error for fault along Z-axis using T-S fuzzy descriptor PMID observer 

 



R. Challoo & S. Dubey 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011 357 

 
In our proposed work, the multiple integral actions assumed for fault estimation reduced as 
compared to other observers in the literature available. We have assumed q=1 and as it can be 
noticed that [4] has assumed q=2. The less number of integral actions considered in our work is 
sufficient and better enough for observer design to reduce computational cost. As we increase 
the order of the faults, less integral actions would be required as per proposed work. Such 
difference arises due to derivative gain added in previously available fuzzy PMI observer.  
 
The more design degrees of freedom given by derivative gain reduces the multiple integral 
actions and make observer design simpler. It should also be noticed that together with γ , we 

have dγ  index that makes fault estimation better. The main contribution of this paper is design of 

fuzzy PMID and fuzzy PD observers. 
 
The results shown above in figures 1-6 support the proposed methods. It can be noticed that the 
estimated error in the fuzzy PMID observer is less than the fuzzy PD observer. The comparison 
of fig.7 and fig. 10 gives better picture that error in fig.7 is more. Similar conclusions can be made 
about figures for estimated error.  
 
The figures 1-3 clearly show the good estimation of original fault along three dimensions. In order 
to get better notion, fig. 2 and fig. 5 should be compared. In fig. 2 original fault is estimated far 
better than in fig. 5. Thus, the conclusion can be drawn that the fuzzy PMID is better than fuzzy 
PD observer in terms of estimation of time varying faults. 
 
Artificial neural networks are better approximator of nonlinear systems as compared to fuzzy logic 
methods. The extension of this research would include the construction of neuro-fuzzy observer. 
The fuzzy weights determined using linearization method can act as weights of neural networks 
and by choosing suitable activation function, artificial neural networks can be brought into play.  
 
A better fault tolerant scheme can be designed for such observers. We have considered only the 
fault estimation. Fault diagnosis is another essential extension. 
 
The continuous time-invariant system is considered for fault estimation here, the discrete time or 
continuous time variant systems can also be considered giving better application in real world 
problems.  
 

The time delay systems (A (t + t), B (t + t), etc) with reduced order observer can also be 

designed providing less computational costs for observer design. While considering nonlinear 
models, modeling uncertainty should be taken into consideration which is of importance in the 
field of fault diagnosis. 

 

6. CONCLUSION 
The fuzzy descriptor proportional multiple integral derivative (PMID) and proportional derivative 
(PD) observers are proposed to estimate the actuator fault of satellite attitude control systems. 
The convergence condition of state estimation error is formulated in the form of LMI. The 
proposed observers are robust since they have been synthesized to decouple and attenuate both 
the effects of disturbances and fault approximated error. The main contribution can be noticed in 
terms of more design degrees of freedom added by derivative gain which enhances the system 
response. Simulation study reveals fuzzy descriptor PMID outperforms fuzzy descriptor PD 
observer in terms of robust actuator fault estimation.  
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Abstract 

 
This paper expands a Multi Input Multi Output (MIMO) fuzzy estimator variable structure control 
(VSC) which controller coefficient is on-line tuned by fuzzy backstepping algorithm. The main goal 
is to guarantee acceptable trajectories tracking between the internal combustion engine (IC 
engine) air to fuel ratio and the desired input. The fuzzy controller in proposed fuzzy estimator 
variable structure controller is based on Lyapunov fuzzy inference system (FIS) with minimum 
model based rule base. The input represents the function between variable structure function, 
error and the rate of error. The outputs represent fuel ratio, respectively. The fuzzy backstepping 
methodology is on-line tune the variable structure function based on adaptive methodology. The 
performance of the MIMO fuzzy estimator VSC which controller coefficient is on-line tuned by 
fuzzy backstepping algorithm (FBAFVSC) is validated through comparison with VSC and 
proposed method. Simulation results signify good performance of fuel ratio in presence of 
uncertainty and external disturbance.   
 
Keywords: Internal Combustion Engine, Variable Structure Controller, Fuzzy Backstepping 
Controller, Chattering Phenomenon, Adaptive Methodology, Proposed Fuzzy Estimator Variable 
Structure Controller, Lyapunov Based Controller. 

 

 
1. MOTIVATION, INTRODUCTION AND BACKGROUND  
Motivation: Internal combustion (IC) engines are optimized to meet exhaust emission 
requirements with the best fuel economy. Closed loop combustion control is a key technology that 
is used to optimize the engine combustion process to achieve this goal. In order to conduct 
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research in the area of closed loop combustion control, a control oriented cycle-to-cycle engine 
model, containing engine combustion information for each individual engine cycle as a function of 
engine crank angle, is a necessity. Air-to-fuel (A/F) ratio is the mass ratio of air to fuel trapped 
inside a cylinder before combustion begins, and it affects engine emissions, fuel economy, and 
other performances. In this research, a fuzzy backstepping adaptive MIMO fuzzy estimator 
variable structure control scheme is used to simultaneously control the mass flow rate of port fuel 
injection (PFI) systems to regulate the A/F ratio of PFI to desired levels. One of the most 
important challenges in the field of IC engine is IC engine control, because this system is MIMO, 
nonlinear, time variant parameter and uncertainty [63-71]. Presently, IC engines are used in 
different (unknown and/or unstructured) situation consequently caused to provide complicated 
systems, as a result strong mathematical theory are used in new control methodologies to design 
nonlinear robust controller. Classical and non-classical methods are two main categories of 
nonlinear plant control, where the conventional (classical) control theory uses the classical 
method and the non-classical control theory (e.g., fuzzy logic, neural network, and neuro fuzzy) 
uses the artificial intelligence methods. However both of conventional and artificial intelligence 
theories have applied effectively in many areas, but these methods also have some limitations [1-
2]. 
 

Introduction: Modeling of an entire IC engine is a very important and complicated process 
because engines are nonlinear, multi inputs-multi outputs and time variant. One purpose of 
accurate modeling is to save development costs of real engines and minimizing the risks of 
damaging an engine when validating controller designs. Nevertheless, developing a small model, 
for specific controller design purposes, can be done and then validated on a larger, more 
complicated model. [63-71]. Dynamic modeling of IC engines is used to describe the behavior of 
this system, design of model based controller, and for simulation. The dynamic modeling 
describes the relationship between nonlinear output formulation to electrical or mechanical source 
and also it can be used to describe the particular dynamic effects to behavior of system[1]. In an 
internal combustion engine, a piston moves up and down in a cylinder and power is transferred 
through a connecting rod to a crank shaft. The continual motion of the piston and rotation of the 
crank shaft as air and fuel enter and exit the cylinder through the intake and exhaust valves is 
known as an engine cycle. The first and most significant engine among all internal combustion 
engines is the Otto engine, which was developed by Nicolaus A. Otto in 1876 (Figure 1). In his 
engine, Otto created a unique engine cycle that consisted of four piston strokes. These strokes 
are: intake stroke, compression stroke, expansion stroke and exhaust stroke [63-71].    
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FIGURE 1: The Four Stroke Engine Cycle [1] 
 

Controller (control system) is a device which can sense information from linear or nonlinear 
system (e.g., IC engine) to improve the systems performance [3-20]. There are two control 
systems: open-loop and close-loop (feedback), by using the open-loop system the control action 
is independent of the output and in close-loop system the control action depends on the output. In 
feedback control system considering that there are many disturbances and also variable dynamic 
parameters something that is really necessary is keeping plant variables close to the desired 
value. Feedback control system development is the most important thing in many different fields 
of engineering. The feedback controllers also have classified into two general groups’; positive 
feedback and negative feedback, which in positive the feedback signal can amplify the effect of 
the input signal and in negative the feedback signal can reduce the effect of the input signal. 
Figure 2 shows a basic block diagram of a simple negative feedback system with single-input, 
single-output (SISO). The main targets in designing control systems are stability, good 
disturbance rejection, and small tracking error[5-29]. It is a well known fact, the aim of science 
and modern technology has making an easier life. Conversely, modern life includes complicated 
technical systems which these systems are nonlinear, time variant and uncertain in 
measurement, they need to have controlled. Consequently it is hard to design accurate models 
for these physical systems because they are uncertain. From the control point of view uncertainty 
is divided into two main groups: uncertainty unstructured inputs (e.g., noise, disturbance) and 
uncertainty structure dynamics (e.g., parameter variations). At present, in some applications IC 
engines are used in unknown and unstructured environment, therefore strong mathematical tools 
used in new control methodologies to design nonlinear robust controller with an acceptable 
performance (e.g., minimum error, good trajectory, disturbance rejection). One of the best 
nonlinear robust controllers is variable structure control which is used in nonlinear uncertain 
systems. 
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FIGURE 2: Block diagram of a feedback control[3] 
 
One of the nonlinear robust controllers is variable structure controller, although this controller has 
been analyzed by many researchers but the first proposed was in the 1950 [41-62].This controller 
is used in wide range areas such as in robotics, in control process, in aerospace applications and 
in IC engines because this methodology can solve some main challenging topics in control such 
as resistivity to the external disturbance and stability. Even though, this controller is used in wide 
range areas but, pure variable structure controller has two drawbacks: Firstly, output oscillation 
(chattering); which caused the heating in the mechanical parameters. Secondly, nonlinear 
dynamic formulation of nonlinear systems which applied in nonlinear dynamic nonlinear 
controller; calculate this control formulation is absolutely difficult because it depends on the 
dynamic nonlinear system’s equation [20-23]. Chattering phenomenon can causes some 
problems such as saturation and heats the mechanical parts of IC engine or drivers. To reduce or 
eliminate the oscillation, various papers have been reported by many researchers which one of 
the best method is; boundary layer saturation method [1]. In boundary layer linear saturation 
method, the basic idea is the discontinuous method replacement by linear continuous saturation 
method with small neighborhood of the switching surface. This replacement caused to 
considerable chattering reduction. Estimated uncertainty method used in term of uncertainty 
estimator to compensation of the system uncertainties.  It has been used to reduce the chattering 
phenomenon and also solve nonlinear dynamic formulation. This research introduced novel 
applied MIMO fuzzy inference engine to variable structure controller to estimate the nonlinear 
control formulation with low computation load. In recent years, artificial intelligence theory has 
been used in variable structure control systems. Neural network, fuzzy logic, and neuro-fuzzy are 
synergically combined with nonlinear classical controller and used in nonlinear, time variant, and 
uncertainty plant (e.g., IC engines).  Fuzzy logic controller (FLC) is one of the most important 
applications of fuzzy logic theory [30-41]. This controller can be used to control nonlinear, 
uncertain, and noisy systems. This method is free of some model-based techniques as in 
classical controllers. As mentioned that fuzzy logic application is not only limited to the modelling 
of nonlinear systems [31-36]but also this method can help engineers to design easier controller. 
Control IC engines using classical controllers are based on IC engines dynamic modelling. These 
controllers often have many problems for modelling. Conventional controllers require accurate 
information of dynamic model of IC engines, but these models are MIMO, non-linear and 
calculate accurate dynamic modelling is definitely difficult. When the system model is unknown or 
when it is known but complicated, it is difficult or impossible to use classical mathematics to 
process this model[32]. The main reasons to use fuzzy logic technology are able to give 
approximate recommended solution for unclear and complicated systems to easy understanding 
and flexible. Fuzzy logic provides a method which is able to model a controller for nonlinear plant 
with a set of IF-THEN rules, or it can identify the control actions and describe them by using fuzzy 
rules. It should be mentioned that application of fuzzy logic is not limited to a system that’s 
difficult for modeling, but it can be used in clear systems that have complicated mathematics 
models because most of the time it can be shortened in design but there is no high quality design 
just sometimes we can find design with high quality. Besides using fuzzy logic in the main 
controller of a control loop, it can be used to design adaptive control, tuning parameters, working 
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in a parallel with the classical and non classical control method [32]. Research on applied fuzzy 
logic methodology in variable structure controller (FVSC) to reduce or eliminate the high 
frequency oscillation (chattering) and to compensate the unknown system dynamics pure variable 
structure controller considerably improves the nonlinear plant control process [42-43]. 
Investigation on applied variable structure methodology in fuzzy logic controller (VSFC) to reduce 
the fuzzy rules and refine the stability of close loop system in fuzzy logic controller has grown 
specially in recent years as the nonlinear plant control [23]; [48-50]. However the application of 
FVSC and VSFC are growing but the main VSFC drawback compared to FVSC is calculation the 
value of structure surface  pri-defined very carefully. The advantages of VSFC compared to 
fuzzy logic controller (FLC) is reduce the number of fuzzy rule base and increase the robustness 
and stability. At last FVSC compare to the VSFC is more suitable for implementation action. In 
various dynamic parameters systems that need to be training on-line adaptive control 
methodology is used. Fuzzy adaptive method is used in systems which want to training 
parameters by expert knowledge. Traditional adaptive method is used in systems which some 
dynamic parameters are known. In this research in order to solve disturbance rejection and 
uncertainty dynamic parameter, adaptive method is applied to artificial variable structure 
controller. 
 
Background: Slotine and Sastry have introduced boundary layer method instead of 
discontinuous method to reduce the chattering[21]. Slotine has presented variable structure 
method with boundary layer to improve the industry application [22]. R. Palm has presented a 
fuzzy method to nonlinear approximation instead of linear approximation inside the boundary 
layer to improve the chattering and control the result performance[23]. Moreover, C. C. Weng and 
W. S. Yu improved the previous method by using a new method in fuzzy nonlinear approximation 
inside the boundary layer and adaptive method[24]. Wu et al. [30] have proposed a simple fuzzy 
estimator controller beside the discontinuous and equivalent control terms to reduce the 
chattering. Their design had three main parts i.e. equivalent, discontinuous and fuzzy estimator 
tuning part which has reduced the chattering very well. Elmali et al. [27]and  Li and Xu [29]have 
addressed variable structure control with perturbation estimation method (VSCPE) to reduce the 
classical variable structure chattering. Wai et al. [37-38]have proposed a fuzzy neural network 
(FNN) optimal control system to learn a nonlinear function in the optimal control law. This 
controller is divided into three main groups: arterial intelligence controller (fuzzy neural network) 
which it is used to compensate the system’s nonlinearity and improves by adaptive method, 
robust controller to reduce the error and optimal controller which is the main part of this controller. 
Mohan and Bhanot [40] have addressed comparative study between some adaptive fuzzy, and a 
new hybrid fuzzy control algorithm for manipulator control. They found that self-organizing fuzzy 
logic controller and proposed hybrid integrator fuzzy give the best performance as well as simple 
structure. H.Temeltas [46] has proposed fuzzy adaption techniques for VSC to achieve robust 
tracking of nonlinear systems and solves the chattering problem. Conversely system’s 
performance is better than variable structure controller; it is depended on nonlinear dynamic 
equqation. C. L. Hwang et al. [47]have proposed a Tagaki-Sugeno (TS) fuzzy model based 
variable structure control based on N fuzzy based linear state-space to estimate the uncertainties. 
A MIMO FVSC reduces the chattering phenomenon and reconstructs the approximate the 
unknown system has been presented for a nonlinear system [42].  Yoo and Ham [58]have 
proposed a MIMO fuzzy system to help the compensation and estimation the torque coupling. 
This method can only tune the consequence part of the fuzzy rules. Medhafer et al. [59] have 
proposed an indirect adaptive fuzzy variable structure controller to control nonlinear system. This 
MIMO algorithm, applies to estimate the nonlinear dynamic parameters. Compared with the 
previous algorithm the numbers of fuzzy rules have reduced by introducing the variable structure 
surface as inputs of fuzzy systems. Y. Guo and P. Y. Woo [60]have proposed a SISO fuzzy 
system compensate and reduce the chattering.  C. M. Lin and C. F. Hsu [61] can tune both 
systems by fuzzy rules. Shahnazi et al., have proposed a SISO PI direct adaptive fuzzy variable 
structure controller based on Lin and Hsu algorithm to reduce or eliminate chattering. The bounds 
of PI controller and the parameters are online adjusted by low adaption computation [44].  
In this research we will highlight the MIMO adaptive backstepping fuzzy variable structure 
algorithm with estimates the nonlinear dynamic part derived in the Lyapunov sense. This 
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algorithm will be analyzed and evaluated on IC engine. Section 2, serves as an introduction to the 
variable structure formulation algorithm and its application to an IC engine, describe the 
objectives and problem statements. Part 3, introduces and describes the methodology algorithms 
and proves Lyapunov stability. Section 4 presents the simulation results of this algorithm applied 
to an IC engine and the final section is describe the conclusion.  
    

2. OBJECTIVES, PROBLEM STATEMENTS AND VARIABLE STRUCTURE 
FORMULATION APPLIED TO IC ENGINE 

Dynamic of IC engine: In developing a valid engine model, the concept of the combustion 
process, abnormal combustion, and cylinder pressure must be understood. The combustion 
process is relatively simple and it begins with fuel and air being mixed together in the intake 
manifold and cylinder. This air-fuel mixture is trapped inside cylinder after the intake valve(s) is 
closed and then gets compressed [13]. When the air-fuel mixture is compressed it causes the 
pressure and temperature to increase inside the cylinder. Unlike normal combustion, the cylinder 
pressure and temperature can rise so rapidly that it can spontaneously ignite the air-fuel mixture 
causing high frequency cylinder pressure oscillations. These oscillations cause the metal 
cylinders to produce sharp noises called knock, which it caused to abnormal combustion. The 
pressure in the cylinder is a very important physical parameter that can be analyzed from the 
combustion process. Since cylinder pressure is very important to the combustion event and the 
engine cycle in spark ignition engines, the development of a model that produces the cylinder 
pressure for each crank angle degree is necessary. A cylinder pressure model that calculates the 
total cylinder pressure over 720 crank angle degrees was created based upon the following 
formulation [63-71]: 
 

 (1) 

where    is pressure in cylinder,  is Wiebe function, and  is motoring pressure 

of a cylinder. Air fuel ratio is the mass ratio of air and fuel trapped inside the cylinder before 
combustion starts. Mathematically it is the mass of the air divided by the mass of the fuel as 
shown in the equation below: 

 

(2) 

If the ratio is too high or too low, it can be adjusted by adding or reducing the amount of fuel per 
engine cycle that is injected into the cylinder. The fuel ratio can be used to determine which fuel 
system should have a larger impact on how much fuel is injected into the cylinder. Since a direct 
fuel injector has immediate injection of its fuel with significant charge cooling effect, it can have a 
quicker response to the desired amount of fuel that is needed by an engine [66]. 
 
Variable structure methodology: Based on variable structure discussion, the control law for a 
multi degrees of freedom robot manipulator is written as [18-24]: 

 (3) 

Where, the model-based component  is compensated the nominal dynamics of 
systems. Therefore   can calculate as follows: 

 (4) 

Where 

  

 
 

A simple solution to get the variable structure condition when the dynamic parameters have 

uncertainty is the switching control law: 
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 (5) 

where the switching function  is defined as 

 

(6) 

and the  is the positive constant. 
the lyapunov formulation can be written as follows, 

 

(7) 

the derivation of  can be determined as, 

  (8) 

the dynamic equation of IC engine can be written based on the structure variable surface as 

 (9) 

it is assumed that 

 
(10) 

by substituting (15) in (14) 

(11) 

suppose the control input is written as follows 

 
(12) 

by replacing the equation (18) in (17) 

  

(13) 

it is obvious that 

 
(14) 

the Lemma equation in IC engine system can be written as follows 

 
(15) 

the equation (16) can be written as 

 
(16) 

therefore, it can be shown that 

 

(17) 

Consequently the equation (17) guaranties the stability of the Lyapunov equation. Figure 3 is 

shown the integration of mean value engine and cylinder pressure model. 
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FIGURE 3: Block diagram of an integration of mean value engine and cylinder pressure model  

Figure 4 is shown pure variable structure controller, applied to IC engine. 
 
Problem Statements 
Even though, variable structure controller is used in wide range areas but, pure it also has 
chattering problem and nonlinear dynamic part challenges. On the other hand, fuzzy logic 
controller has been used for nonlinear and uncertain (e.g., IC engine) systems controlling. 
Conversely pure FLC works in many areas, it cannot guarantee the basic requirement of stability 
and acceptable performance[8]. Although both VSC and FLC have been applied successfully in 
many applications but they also have some limitations. The boundary layer method is used to 
reduce or eliminate the chattering and proposed fuzzy Lyapunov estimator method focuses on 
substitution fuzzy logic system instead of dynamic nonlinear equation to implement easily and 
avoid mathematical model base controller. To reduce the effect of uncertainty in proposed 
method, MIMO novel adaptive method is applied in fuzzy variable structure controller in IC 
engine. 

 
Objectives 
The main goal is to design a MIMO fuzzy backstepping adaptive fuzzy estimation variable 
structure methodology which applied to internal combustion engine with easy to design and 
implement. IC engine has nonlinear dynamic and uncertain parameters consequently; following 
objectives have been pursuit in the mentioned research: To develop a chattering in a position 
pure variable structure controller against uncertainties, to design and implement a Lyapunov 
MIMO fuzzy structure variable controller in order to solve the equivalent problems with minimum 
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rule base and finally to develop a position fuzzy backstepping adaptive fuzzy estimation variable 
structure controller in order to solve the disturbance rejection and reduce the computation load. 
 

 
 

FIGURE 4: Block diagram of a variable structure controller: applied to IC engine  
 

3. METHODOLOGY: DESIGN A NOVEL MIMO FUZZY BACKSTEPPING 
ADAPTIVE FUZZY ESTIMATION VARIABLE STRUCTURE CONTROL 

First part is focused on eliminate the oscillation (chattering) in pure variable structure controller 
based on linear boundary layer method. To reduce or eliminate the chattering it is used the 
boundary layer method; in boundary layer method the basic idea is replace the discontinuous 
method by saturation (linear) method with small neighborhood of the switching surface. This 
replace is caused to increase the error performance [20-24]. 

 (18) 

Where  is the boundary layer thickness. Therefore, to have a smote control law, the saturation 

function  added to the control law: 

 
(19) 

Where  can be defined as 

 

(20) 

 

Based on above discussion, the control law for an IC engine is written as [18-24]: 

 (21) 

Figure 5 is shown classical variable structure which eliminates the chattering using linear 
boundary layer method. 
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FIGURE 5: Chattering free Block diagram of a variable structure controller: applied to IC engine  
 

Second step is focused on design MIMO fuzzy estimation variable structure based on Lyapunov 
formulation. The firs type of fuzzy systems is given by 
  

 

(22) 

Where  

 are adjustable parameters in (28) .  are given membership functions 

whose parameters will not change over time. 
 
The second type of fuzzy systems is given by  
 

 

(23) 

 
Where  are all adjustable parameters. From the universal approximation theorem, we 

know that we can find a fuzzy system to estimate any continuous function. For the first type of 
fuzzy systems, we can only adjust  in  
(28). We define   as the approximator of the real function .  

 (24) 

 
We define  as the values for the minimum error: 

 

(25) 

 
Where  is a constraint set for . For specific   is the minimum 
approximation error we can get. 
 
We used the first type of fuzzy systems (23) to estimate the nonlinear system (10) the fuzzy 
formulation can be write as below; 
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(26) 

 
Where  are adjusted by an adaptation law. The adaptation law is designed to minimize 
the parameter errors of  . A MIMO (multi-input multi-output) fuzzy system is designed to 
compensate the uncertainties of the nonlinear system. The parameters of the fuzzy system are 
adjusted by adaptation laws. The tracking error and the sliding surface state are defined as:  

 (27) 

 

 (28) 

 
We define the reference state as 

 (29) 

 

 (30) 

 
The general MIMO if-then rules are given by  

 (31) 

 
Where  are fuzzy if-then rules;  and  are the input and 
output vectors of the fuzzy system. The MIMO fuzzy system is define as  

 (32) 

 
Where  

 

(33) 

 
and  is defined in (24). 

To reduce the number of fuzzy rules, we divide the fuzzy system in to three parts: 

 

 
 

(34) 

 

 

 
 

(35) 

 

 

 
 

(36) 

The control input is given by 

  
(37

) 

 
Where  ,  are the estimations of  and  and are positive constants;  

 and  are positive constants. The adaptation law is given by  

 

 

 
(38) 
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Where  and   are positive diagonal matrices. 

The Lyapunov function candidate is presented as 

 
 

(39) 

Where  and  we define  

  (40) 

 
From (22) and (23), we get 

  

(41
) 

 
Since  and  , we get 

  (42) 

 
Then  can be written as  

   (43) 

 

Where The 
derivative of   is 

   (44) 

We know that  from (44). Then  

   

(45
) 

 
We define the minimum approximation error as 

  (46) 

We plug (51) in to (52) 
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Then  becomes 

 

 
 ]    

(47) 

 

Since  can be as small as possible, we can find  that  

Therefore, we can get  for  and  Figure 6 is shown the fuzzy 

estimator variable structure. 

 
 

FIGURE 6: Chattering free Block diagram of a fuzzy estimator variable structure controller 
 
Third step is focused on design Mamdani’s fuzzy [30-40] backstepping adaptive fuzzy estimator 
variable structure. As mentioned above pure variable structure controller has nonlinear dynamic 
equivalent limitations in presence of uncertainty and external disturbances in order to solve these 
challenges this work applied Mamdani’s fuzzy inference engine estimator in variable structure 
controller.  However proposed MIMO fuzzy estimator variable structure has satisfactory 
performance but calculate the variable structure surface slope by try and error or experience 
knowledge is very difficult, particularly when system has structure or unstructured uncertainties; 
MIMO Mamdani’s fuzzy backstepping variable structure function fuzzy estimator variable 
structure controller is recommended. The backstepping method is based on mathematical 
formulation which this method is introduced new variables into it in form depending on the 
dynamic equation of IC engine. This method is used as feedback linearization in order to solve 
nonlinearities in the system. To use of nonlinear fuzzy filter this method in this research makes it 
possible to create dynamic nonlinear backstepping estimator into the adaptive fuzzy estimator 
variable structure process to eliminate or reduce the challenge of uncertainty in this part. The 
backstepping controller is calculated by; 

 (48) 

Where  is backstepping output function,  is backstepping nonlinear equivalent function 

which can be written as (55) and  is backstepping control law which calculated by (49) 



Farzin Piltan, N. Sulaiman, I. Asadi Talooki & P. Ferdosali  

 

International Journal of Robotics and Automation (IJRA), Volume (2) : Issue (5) : 2011                              373 

 
(49) 

 (50) 

 
Based on (10) and (47) the fuzzy backstepping filter is considered as  

 

(51) 

Based on (48) the formulation of fuzzy backstepping filter can be written as; 

 
(52) 

Where  

The adaption low is defined as 

  (53) 

where the is the positive constant and   

 

(54) 

The dynamic equation of IC engine can be written based on the variable structure surface as; 

 (55) 

It is supposed that 

 (56) 

The derivation of Lyapunov  function (  ) is written as 

 

 

 

 

 

 

 
Where  is adaption law and , consequently  can be 

considered by 

 

(57) 

The minimum error can be defined by 

 
(58) 

 is intended as follows 
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(59) 

For continuous function  and suppose  it is defined the fuzzy backstepping 

controller in form of (58) such that 

 
(60) 

As a result MIMO fuzzy backstepping adaptive fuzzy estimation variable structure is very stable 
which it is one of the most important challenges to design a controller with suitable response. 
Figure 7 is shown the block diagram of proposed MIMO fuzzy backstepping adaptive fuzzy 
estimation variable structure.  
 

 
 

FIGURE 7: Chattering free Block diagram of a MIMO fuzzy backstepping adaptive fuzzy 
estimator variable structure controller 

 

4. RESULTS 
Variable structure controller (VSC) and proposed MIMO fuzzy backstepping adaptive fuzzy 
estimator variable structure controller were tested to sinus response trajectory. The simulation 
was implemented in Matlab/Simulink environment. Fuel ratio trajectory, disturbance rejection and 
error are compared in these controllers. It is noted that, these systems are tested by band limited 
white noise with a predefined 40% of relative to the input signal amplitude. This type of noise is 
used to external disturbance in continuous and hybrid systems. 
 

Fuel Ratio Trajectory: Figure 8 shows the fuel ratio in VSC and proposed MIMO fuzzy 

backstepping adaptive fuzzy estimator variable structure controller without disturbance for sinus 

trajectory.  
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By comparing sinus response, Figure 8, in SMC and MIMO fuzzy backstepping adaptive fuzzy 
estimator variable structure controller, conversely the MIMO fuzzy backstepping adaptive fuzzy 
estimator variable structure controller 's overshoot (0%) is lower than VSC's (3%). 
 
Disturbance Rejection 
Figure 9 is indicated the power disturbance removal in VSC and MIMO fuzzy backstepping 
adaptive fuzzy estimator variable structure controller. As mentioned before, VSC is one of the 
most important robust nonlinear controllers. Besides a band limited white noise with predefined of 
40% the power of input signal is applied to the sinus VSC and MIMO fuzzy backstepping adaptive 
fuzzy estimator variable structure controller; it found slight oscillations in VSC trajectory 
responses.  
 
 
 

 
 
 
 

 
 
 

 
 
 
 
 
Among above graph, relating to sinus trajectory following with external disturbance, VSC has 
slightly fluctuations. By comparing overshoot; MIMO fuzzy backstepping adaptive fuzzy estimator 
variable structure controller 's overshoot (0%) is lower than VSC's (12%).  
 
Errors in the Model: MIMO fuzzy backstepping adaptive fuzzy estimator variable structure 
controller has lower error rate (refer to Table.1), VSC has oscillation tracking which causes 
chattering phenomenon at the presence of disturbances. Figure 10 is shown steady state and 
RMS error in VSC and MIMO fuzzy backstepping adaptive fuzzy estimator variable structure 
controller in presence of external disturbance.  

 

 

 

 

 

 

 

FIGURE 8: VSC Vs. MIMO fuzzy backstepping adaptive fuzzy estimator variable structure 

controller: fuel ratio 

 
 

FIGURE 9: VSC Vs. MIMO fuzzy backstepping adaptive fuzzy estimator variable structure 

controller: fuel ratio with external disturbance 
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TABLE 1: RMS Error Rate of Presented controllers 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In these methods if integration absolute error (IAE) is defined by (67), table 2 is shown 
comparison between these two methods. 
 

 

     (67)

 

Proposed Method VSC Method 

214.8 442.1 IAE 

 
TABLE 2: Calculate IAE 

 

5. CONCLUSION  
Refer to the research, a MIMO fuzzy backstepping adaptive fuzzy estimator variable structure 
controller design and application to IC engine has proposed in order to design high performance 
nonlinear controller in the presence of uncertainties, external disturbances and Lyapunov based. 
Regarding to the positive points in variable structure controller, fuzzy inference system and 
adaptive fuzzy backstepping methodology it is found that the adaptation laws derived in the 
Lyapunov sense. The stability of the closed-loop system is proved mathematically based on the 
Lyapunov method. The first objective in proposed method is removed the chattering which linear 
boundary layer method is used to solve this challenge. The second target in this work is 
compensate the model uncertainty by MIMO fuzzy inference system, in the case of the IC engine, 
if we define  membership functions for each input variable, the number of fuzzy rules applied 
for each joint is  which will result in a low computational load. In finally part fuzzy backstepping 
methodology with minimum rule base is used to online tuning and adjusted the fuzzy variable 
structure method and eliminates the chattering with minimum computational load. In this case the 
performance is improved by using the advantages of variable structure, artificial intelligence 
compensate method and adaptive algorithm while the disadvantages removed by added each 
method to previous method.  
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Abstract 

 
Classical sliding mode controller is robust to model uncertainties and external disturbances. A sliding 
mode control method with a switching control low guarantees asymptotic stability of the system, but the 
addition of the switching control law introduces chattering in to the system. One way of attenuating 
chattering is to insert a saturation function inside of a boundary layer around the sliding surface. 
Unfortunately, this addition disrupts Lyapunov stability of the closed-loop system. Classical sliding mode 
control method has difficulty in handling unstructured model uncertainties. One can overcome this 
problem by combining a sliding mode controller and fuzzy system together. Fuzzy rules allow fuzzy 
systems to approximate arbitrary continuous functions. To approximate a time-varying nonlinear system, a 
fuzzy system requires a large amount of fuzzy rules. This large number of fuzzy rules will cause a high 
computation load. The addition of an adaptive law to a fuzzy sliding mode controller to online tune the 
parameters of the fuzzy rules in use will ensure a moderate computational load. Refer to this research; 
tuning methodology can online adjust both the premise and the consequence parts of the fuzzy rules. 
Since this algorithm for is specifically applied to a robot manipulator. 

 
Keywords: Classical Sliding Mode Controller, Robust, Uncertainties, Chattering Phenomenon, Lyapunov 
Theory, Fuzzy Sliding Mode Controller, Tuning Fuzzy Sliding Mode Controller, Robotic System. 

 

 
1. INTRODUCTION AND MOTIVATION  
Sliding mode controller (SMC) is one of the influential nonlinear controllers in certain and uncertain 

systems which are used to present a methodical solution for two main important controllers’ challenges, 
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which named: stability and robustness. Conversely, this controller is used in different applications; sliding 

mode controller has consequent disadvantages ; chattering phenomenon and nonlinear equivalent 

dynamic formulation; which chattering is caused to some difficulties such as saturation and heat for 

mechanical parts of robot manipulators or drivers and nonlinear equivalent dynamic formulation in 

uncertain systems is most important challenge in highly nonlinear uncertain system[1, 5-29].  In order to 

solve the chattering in the systems output, boundary layer method should be applied so beginning able to 

recommended model in the main motivation which in this method the basic idea is replace the 

discontinuous method by saturation (linear) method with small neighbourhood of the switching surface. 

Slotine and Sastry have introduced boundary layer method instead of discontinuous method to reduce the 

chattering[21]. Slotine has presented sliding mode with boundary layer to improve the industry application 

[22]. R. Palm has presented a fuzzy method to nonlinear approximation instead of linear approximation 

inside the boundary layer to improve the chattering and control the result performance[23]. Moreover, C. C. 

Weng and W. S. Yu improved the previous method by using a new method in fuzzy nonlinear 

approximation inside the boundary layer and adaptive method[24]. To remove the above setbacks, control 

researchers have applied artificial intelligence method (e.g., fuzzy logic, neural network and genetic 

algorithm) in nonlinear robust controller (e.g., sliding mode controller, backstepping and feedback 

linearization) besides this technique is very useful in order to implement easily. Estimated uncertainty 

method is used in term of uncertainty estimator to compensation of the system uncertainties.  It has been 

used to solve the chattering phenomenon and also nonlinear equivalent dynamic. If estimator has an 

acceptable performance to compensate the uncertainties, the chattering is reduced. Research on 

estimated uncertainty to reduce the chattering is significantly growing as their applications such as 

industrial automation and robot manipulator. For instance, the applications of artificial intelligence, neural 

networks and fuzzy logic on estimated uncertainty method have been reported in [22-30]. Wu et al. [30] 

have proposed a simple fuzzy estimator controller beside the discontinuous and equivalent control terms to 

reduce the chattering. Elmali et al. [27]and  Li and Xu [29]have addressed sliding mode control with 

perturbation estimation method (SMCPE) to reduce the classical sliding mode chattering.  

 

In recent years, artificial intelligence theory has been used in sliding mode control systems [31-40, 68]. 

Neural network, fuzzy logic and neuro-fuzzy are synergically combined with nonlinear classical controller 

and used in nonlinear, time variant and uncertainty plant (e.g., robot manipulator).  Fuzzy logic controller 

(FLC) is one of the most important applications of fuzzy logic theory. This controller can be used to control 

nonlinear, uncertain and noisy systems. This method is free of some model-based techniques as in 

classical controllers [33-38]. The main reasons to use fuzzy logic technology are able to give approximate 

recommended solution for uncertain and complex systems to easy understanding and flexible. Fuzzy logic 

provides a method which is able to model a controller for nonlinear plant with a set of IF-THEN rules, or it 

can identify the control actions and describe them by using fuzzy rules. The applications of artificial 

intelligence, neural networks and fuzzy logic, on robot arm control have reported in [29-31]. Wai et al. [37-

38]have proposed a fuzzy neural network (FNN) optimal control system to learn a nonlinear function in the 

optimal control law. This controller is divided into three main groups: arterial intelligence controller (fuzzy 

neural network) which it is used to compensate the system’s nonlinearity and improves by adaptive 

method, robust controller to reduce the error and optimal controller which is the main part of this controller. 

Mohan and Bhanot [40] have addressed comparative study between some adaptive fuzzy, and a new 

hybrid fuzzy control algorithm for manipulator control. The applications of fuzzy logic on sliding mode 

controller have reported in [11-16, 23-30]. Research on applied fuzzy logic methodology in sliding mode 

controller (FSMC) to reduce or eliminate the high frequency oscillation (chattering), to compensate the 

unknown system dynamics and also to adjust the linear sliding surface slope in pure sliding mode 

controller considerably improves the robot manipulator control process [42-47]. H.Temeltas [46] has 

proposed fuzzy adaption techniques for SMC to achieve robust tracking of nonlinear systems and solves 

the chattering problem. Conversely system’s performance is better than sliding mode controller; it is 
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depended on nonlinear dynamic equation. C. L. Hwang et al. [47]have proposed a Tagaki-Sugeno (TS) 

fuzzy model based sliding mode control based on N fuzzy based linear state-space to estimate the 

uncertainties. A multi-input multi-output (MIMO) FSMC reduces the chattering phenomenon and 

reconstructs the approximate the unknown system has been presented for a robot manipulator [48]. 

Investigation on applied sliding mode methodology in fuzzy logic controller (SMFC) to reduce the fuzzy 

rules and refine the stability of close loop system in fuzzy logic controller has grown specially in recent 

years as the robot manipulator control [10-15]; [49-55]. Lhee et al. [49]have presented a fuzzy logic 

controller based on sliding mode controller to more formalize and boundary layer thickness. Emami et al. 

[51]have proposed a fuzzy logic approximate inside the boundary layer. H.K.Lee et al. [52] have presented 

self tuning SMFC to reduce the fuzzy rules, increase the stability and to adjust control parameters control 

automatically. However the application of FSMC and SMFC are growing but the main SMFC drawback 

compared to FSMC is calculation the value of sliding surface  pri-defined very carefully. Moreover, the 

advantages of SMFC compared to FLC reduce the number of fuzzy rule base and increase the robustness 

and stability. At last FSMC compare to the SMFC is more suitable for implementation action.  

 

 In various dynamic parameters systems that need to be training on-line tuneable gain control methodology 

is used. On-line tuneable control methodology can be classified into two main groups, namely, traditional 

adaptive method and fuzzy adaptive method. Fuzzy adaptive method is used in systems which want to 

training parameters by expert knowledge. Traditional adaptive method is used in systems which some 

dynamic parameters are known. In this research in order to solve disturbance rejection and uncertainty 

dynamic parameter, on-line tuneable method is applied to artificial sliding mode controller. F Y Hsu et al. 

[54]have presented adaptive fuzzy sliding mode control which can update fuzzy rules to compensate 

nonlinear parameters and guarantee the stability robot manipulator controller. Y.C. Hsueh et al. [43] have 

presented self tuning sliding mode controller which can resolve the chattering problem without to using 

saturation function. For nonlinear dynamic systems (e.g., robot manipulators) with various parameters, on-

line control technique can train the dynamic parameter to have satisfactory performance. Calculate sliding 

surface slope is common challenge in classical sliding mode controller and fuzzy sliding mode controller. 

Research on adaptive (on-line tuneable) fuzzy control is significantly growing, for instance, different 

adaptive fuzzy controllers have been reported in [40, 56-68]. The adaptive sliding mode controller is used 

to estimate the unknown dynamic parameters and external disturbances. The applications of adaptive 

fuzzy sliding mode controller to control the robot manipulators have been reported in [11-20, 67].  Yoo and 

Ham [58]have proposed a MIMO fuzzy system to help the compensation and estimation the torque 

coupling. In  robot manipulator with  membership function for each input variable, the number of 

fuzzy rules for each joint is equal to  that causes to high computation load and also this controller has 

chattering. This method can only tune the consequence part of the fuzzy rules. Medhafer et al. [59] have 

proposed an indirect adaptive fuzzy sliding mode controller to control robot manipulator. This MIMO 

algorithm, applies to estimate the nonlinear dynamic parameters. If each input variable have  

membership functions, the number of fuzzy rules for each joint is  Compared with the 

previous algorithm the number of fuzzy rules have reduced by introducing the sliding surface as inputs of 

fuzzy systems. Y. Guo and P. Y. Woo [51]have proposed a SISO fuzzy system compensate and reduce 

the chattering. First suppose each input variable with  membership function the number of fuzzy rules 

for each joint is  which decreases the fuzzy rules and the chattering is reduce.  C. M. Lin and C. F. Hsu 

[61] can tune both systems by fuzzy rules. In this method the number of fuzzy rules equal to   with low 

computational load but it has chattering. Piltan et al., have proposed a adaptive fuzzy inference sliding 

mode controller to reduce or eliminate chattering for robot manipulator [67].  

This paper is organized as follows: 

 

In section 2, detail of dynamic equation of robot arm, problem statements, objectives and introduced the 

sliding mode controller are presented. Detail of tuning methodology which online adjusted both the 
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premise and the consequence parts of the fuzzy rules is presented in section 3. In section 4, the simulation 

result is presented and finally in section 5, the conclusion is presented. 

 

2. ROBOT MANIPULATOR DYNAMICS, OBJECTIVES, PROBLEM STATEMENTS 
AND SLIDING MODE METHODOLOGY  

Robot manipulator dynamic: Robot manipulator is collection of links that connect to each other by joints, 
these joints can be revolute and prismatic that revolute joint has rotary motion around an axis and 
prismatic joint has linear motion around an axis. Each joint provides one or more degrees of freedom 
(DOF). From the mechanical point of view, robot manipulator is divided into two main groups, which called; 
serial robot links and parallel robot links. In serial robot manipulator, links and joints is serially connected 
between base and final frame (end-effector). Parallel robot manipulators have many legs with some links 
and joints, where in these robot manipulators base frame has connected to the final frame. Most of 
industrial robots are serial links, which in serial robot manipulator the axis of the first three joints has a 
known as major axis, these axes show the position of end-effector, the axis number four to six are the 
minor axes that use to calculate the orientation of end-effector, at last the axis number seven to  use to 
avoid the bad situation. Kinematics is an important subject to find the relationship between rigid bodies 
(e.g., position and orientation) and end-effector in robot manipulator. The mentioned topic is very important 
to describe the three areas in robot manipulator: practical application, dynamic part, and control purposed 
therefore kinematics play important role to design accurate controller for robot manipulators. Robot 
manipulator kinematics is divided into two main groups: forward kinematics and inverse kinematics where 
forward kinematics is used to calculate the position and orientation of end-effector with given joint 
parameters (e.g., joint angles and joint displacement) and the activated position and orientation of end-
effector calculate the joint variables in Inverse Kinematics[1]. Dynamic modeling of robot manipulators is 
used to describe the behavior of robot manipulator, design of model based controller, and for simulation. 
The dynamic modeling describes the relationship between joint motion, velocity, and accelerations to 
force/torque or current/voltage and also it can be used to describe the particular dynamic effects (e.g., 
inertia, coriolios, centrifugal, and the other parameters) to behavior of system[1]. The Unimation PUMA 
560 serially links robot manipulator was used as a basis, because this robot manipulator widely used in 
industry and academic. It has a nonlinear and uncertain dynamic parameters serial link 6 degrees of 
freedom (DOF) robot manipulator. A nonlinear robust controller design is major subject in this work.  The 
equation of a multi degrees of freedom (DOF) robot manipulator is calculated by the following equation[6]: 

 
           (1) 

Where τ is vector of actuation torque, M (q) is symmetric and positive define inertia matrix, 
 is the vector of nonlinearity term, and q is  position vector. In equation 1 if vector of 

nonlinearity term derive as Centrifugal, Coriolis and Gravity terms, as a result robot manipulator dynamic 
equation can also be written as [10-16]: 
 

        (2) 

 (3)  

 (4) 

Where,  
 

is matrix of coriolis torques, is matrix of centrifugal torque, is vector of joint velocity that it 

can give by: , and  is vector, that it can given by: . 
In robot manipulator dynamic part the inputs are torques and the outputs are actual displacements, as a 
result in (4) it can be written as [1, 6, 10-16]; 

 

 (5) 

To implementation (5) the first step is implement the kinetic energy matrix (M) parameters by used of 
Lagrange’s formulation. The second step is implementing the Coriolis and Centrifugal matrix which they 
can calculate by partial derivatives of kinetic energy. The last step to implement the dynamic equation of 
robot manipulator is to find the gravity vector by performing the summation of Lagrange’s formulation. 
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The kinetic energy equation (M) is a  symmetric matrix that can be calculated by the following 
equation; 

  

(6) 

As mentioned above the kinetic energy matrix in  DOF is a  matrix that can be calculated by the 
following matrix [1, 6] 

 

(7) 

The Coriolis matrix (B) is a  matrix which calculated as follows; 

 

(8) 

 
and the Centrifugal matrix (C) is a  matrix; 

  
(9) 

And last the Gravity vector (G) is a  vector; 

  

(10) 

 
Sliding mode controller (SMC): SMC is a powerful nonlinear controller which has been analyzed by 
many researchers especially in recent years. This theory was first proposed in the early 1950 by 
Emelyanov and several co-workers and has been extensively developed since then with the invention of 
high speed control devices [2]. The main reason to opt for this controller is its acceptable control 
performance in wide range and solves two most important challenging topics in control which names, 
stability and robustness [7, 17-20]. Sliding mode control theory for control of robot manipulator was first 
proposed in 1978 by Young to solve the set point problem (  by discontinuous method in the 
following form [19, 3]; 
 

 

(11) 

                                   
where  is sliding surface (switching surface),  for n-DOF robot manipulator,  is the 

 torque of joint. Sliding mode controller is divided into two main sub controllers: discontinues 
controller  and equivalent controller .  

 
Robot manipulators are one of the highly nonlinear and uncertain systems which caused to needed to 

robust controller. This section provides introducing the formulation of sliding mode controller to robot 
manipulator based on [1, 6]Consider a nonlinear single input dynamic system of the form [6]: 

 (12) 
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Where u is the vector of control input,  is the  derivation of ,  is the state 
vector,  is unknown or uncertainty, and  is of known sign function. The control problem is truck to 

the desired state;  , and have an acceptable error which is given by: 
 

 (13) 

A time-varying sliding surface  is given by the following equation: 

 

(14) 

where λ is the positive constant. To further penalize tracking error integral part can be used in sliding 
surface part as follows: 

 

(15) 

The main target in this methodology is kept the sliding surface slope  near to the zero. Therefore, 
one of the common strategies is to find input  outside of . 

 

(16) 

where ζ is positive constant and in equation (16) forces tracking trajectories is towards sliding condition.  
 

If  S(0)>0  (17) 

To eliminate the derivative term, it is used an integral term from t=0 to t=   

 

(18) 

 
Where  is the time that trajectories reach to the sliding surface so, suppose S(  defined as 

 

(19) 

and 

 

(20) 

 Equation (20) guarantees time to reach the sliding surface is smaller than  since the trajectories are 

outside of . 

 (21) 

suppose S is defined as  

 

(22) 

The derivation of S, namely,  can be calculated as the following; 

 (23) 

suppose the second order system is defined as;  

 (24) 

Where  is the dynamic uncertain, and also since , to have the best approximation ,  is 
defined as 

 (25) 

A simple solution to get the sliding condition when the dynamic parameters have uncertainty is the 
switching control law: 
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 (26) 

where the switching function  is defined as 

 

(27) 

and the  is the positive constant. Suppose by (26) the following equation can be written as, 

 

(28) 

and if the equation (27) instead of (28) the sliding surface can be calculated as  

 

(29) 

in this method the approximation of  is computed as 
 
 
 
Therefore the switching function  is added to the control law as 

 (31) 

Based on above discussion, the control law for a multi degrees of freedom robot manipulator is written as: 

 (32) 

Where, the model-based component  is the nominal dynamics of systems and   can be calculate as 

follows: 

 
(33) 

and  is computed as; 

 (34) 

 the control output can be written as; 

 (35) 

Figure 1 shows the position classical sliding mode control for robot manipulator. By (34) and (35) the 
sliding mode control of robot manipulator is calculated as;  

 (36) 

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (30) 
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In recent years, artificial intelligence theory has been used in sliding mode control systems. Neural  
 
 
 
 
 
 
 
 

 

 

 

 

 
 

 
 
The Lyapunov formulation can be written as follows, 

 

(37) 

the derivation of  can be determined as, 

  (38) 

the dynamic equation of robot manipulator can be written based on the sliding surface as 

 (39) 

it is assumed that 

 (40) 

by substituting (39) in (38) 

 

(41) 

suppose the control input is written as follows 

 
(42) 

by replacing the equation (42) in (41) 

  

(43) 

it is obvious that 

 (44) 

the Lemma equation in robot manipulator system can be written as follows 

 
(45) 

the equation (40) can be written as 

 
(46) 

therefore, it can be shown that 

 

 

FIGURE 1: Diagram of classical sliding mode controller [3, 9-16, 64-67] 
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(47) 

Consequently the equation (47) guaranties the stability of the Lyapunov equation 
Problem statements: Even though, sliding mode controller is used in wide range areas but, pure it has 
chattering problem and nonlinear dynamic part challenges. On the other hand, fuzzy logic controller has 
been used for nonlinear and uncertain systems controlling. Conversely pure fuzzy logic controller (FLC) 
works in many areas, it cannot guarantee the basic requirement of stability and acceptable performance[8]. 
Although both SMC and FLC have been applied successfully in many applications but they have some 
limitations. The boundary layer method is used to reduce or eliminate the chattering and proposed fuzzy 
Lyapunov estimator method focuses on substitution fuzzy logic system instead of dynamic nonlinear 
equation to implement easily and avoid mathematical model base controller. To reduce the effect of 
uncertainty in proposed method, novel antecedent and consequent adaptive method is applied to fuzzy 
sliding mode controller in robot manipulator. 

 
Objectives: The main goal is to design a novel fuzzy adaptive fuzzy estimation sliding mode methodology 
which applied to robot manipulator with easy to design and implement. Robot manipulator has nonlinear 
dynamic and uncertain parameters consequently; following objectives have been pursuit in the mentioned 
research: To develop a chattering in a position pure variable structure controller against uncertainties, to 
design and implement a Lyapunov fuzzy structure variable controller in order to solve the equivalent 
problems with minimum rule base and finally to develop a position fuzzy (antecedent and consequent) 
adaptive fuzzy estimation sliding mode controller in order to solve the disturbance rejection and reduce the 
computation load. 

 
3. METHODOLOGY: DESIGN A NOVEL FUZZY (ANTECEDENT AND 

CONSEQUENT) ADAPTIVE FUZZY ESTIMATION SLIDING MODE CONTROLLER 
First part is focused on eliminate the oscillation (chattering) in pure SMC based on linear boundary layer 
method. To reduce or eliminate the chattering it is used the boundary layer method; in boundary layer 
method the basic idea is replace the discontinuous method by saturation (linear) method with small 
neighborhood of the switching surface. This replace is caused to increase the error performance [20-24]. 

 (48) 

Where  is the boundary layer thickness. Therefore, to have a smote control law, the saturation function 

 added to the control law: 

 
(49) 

Where  can be defined as 

 

(50) 

 

Based on above discussion, the control law for a robot manipulator is written as [10-24]: 

 (51) 

Where, the model-based component  is the nominal dynamics of systems and   can be calculate as 

follows: 

 
(52) 

and  is computed as; 

 
(53) 
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 the control output can be written as; 

 

(54) 

 
Figure 2 is shown classical variable structure which eliminates the chattering using linear boundary layer 
method. 
 

 
 

FIGURE 2: Chattering free Block diagram of a SMC: applied to robot manipulator  
 

Second step is focused on design fuzzy estimation variable structure based on Lyapunov formulation. The 
firs type of fuzzy systems is given by 

  (55) 

Where   

are adjustable parameters in (55) .  are given membership functions whose parameters 

will not change over time. 
 
The second type of fuzzy systems is given by  
 

 

(56) 
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Where  are all adjustable parameters. From the universal approximation theorem, we know 

that we can find a fuzzy system to estimate any continuous function. For the first type of fuzzy systems, we 
can only adjust  in (55). We define   as the approximator of the real function .  

 (57) 

 
We define  as the values for the minimum error: 

 

(58) 

 
Where  is a constraint set for . For specific   is the minimum approximation 
error we can get. 
 
We used the first type of fuzzy systems (56) to estimate the nonlinear system (20) the fuzzy formulation 
can be write as below; 
 

 

 

(59) 

 
Where  are adjusted by an adaptation law. The adaptation law is designed to minimize the 

parameter errors of  . A fuzzy system is designed to compensate the uncertainties of the nonlinear 

system. The control input is given by 

 (60) 

Where  and . We define  

  where , and  . 

From Universal Approximation Theorem in (58), there exists an optimal fuzzy controller  such that: 

 
(61) 

Where  is the minimum approximation error. 

The fuzzy if-then rules are given by fuzzy rule base. In (59), we assume   and  

becomes 

 

(62) 

Where we define . The membership function  is a Gaussian membership function 

represented by 

 
(63) 

Then the fuzzy estimator  is given as 

 
(64) 

where . We define  such that 
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(65) 

where  and  are the optimal values based on Universal Approximation Theorem in (58). We define 

 ,   and (6) is rewritten as 

 

 
 

 
 

(66) 

We take Taylor series expansion of  around two vectors  and  where  and 

 (  and  are defined in (63)): 

 
 

 
(67) 

where  and  denotes the higher order terms. We rewrite (67) as 

 

 

 
 

(68) 

 

where  

 

 
 
 

(69) 

We substitute (68) into (66):  

 

 

 

 

 
 

(70) 

 

where   is assumed to be bounded by .  is a constant and the value of 

 uncertain to the designer. We define  as the real value and the estimation error is given by 

  (71) 
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FIGURE 3: Chattering free Block diagram of a fuzzy estimator SMC: applied to robot manipulator  
 
Third step is focused on design fuzzy (antecedent and consequent) adaptive fuzzy estimation sliding 

mode based on Lyapunov formulation. We produce an adaptation law to online tune the following 

parameters:  in (64),  ,  in (63) and the bound  in (71). The adaptation laws are expressed as  

     (72) 

 

     (73) 

 

     (74) 

 

     (75) 

 

     (76) 

where   and  are positive constants;  ,  , 

 ;  ,  are given in (69);  is the compensation term defined in (60). 

If the following Lyapunov function candidate defined by: 

     
(77) 

The derivative of is defined by: 
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(78) 

where  ,  ,  ,  . from robot manipulator formulation and 

(1):  

 (79) 

Since  is a skew-symmetric matrix, we can get . From  

and   

 (80) 

where  , and  . Then  becomes  

     

 

 

 

  

 
 
 
 
 
 
 
 
 
 
 
 

(81) 

We substitute the adaption law (72)-(76) in to (81): 

     

 

 

 
  

 
 
 
 
 
 
 
 
 
 

(82) 

where   is negative semidefinite . We define . From  , we can get   is 

bounded. We assume  and rewrite  as 

  (83) 

Then we take the integral on both sides of (83): 

  (84) 

If , we can get  from (84). Since we can prove  is bounded (see proof in [15]), we have 

. We introduce the following Barbalat
 '
s Lemma[16]. 

Lemma: let  be a uniformly continues function on . Suppose that  exists 

and is finite. Then, 
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Therefore, by using Barbalat
 '
s Lemma, we can get  and  . Figure 4 is 

shown fuzzy (antecedent and consequent) adaptive fuzzy estimator sliding mode controller.  

 
 

FIGURE 4: Chattering free Block diagram of a fuzzy adaptive (consequent and antecedent) fuzzy 
estimator SMC: applied to robot manipulator  

 

4. RESULTS 
This methodology can online adjust both the premise and the consequent parts of the fuzzy rules. In this 

method we choose for compensation. We define five membership functions for each input 
variable based on 

  (85) 

Sliding mode controller (SMC) and proposed fuzzy (premise and the consequent) adaptive fuzzy estimator 
sliding mode controller were tested to sinus response trajectory. The simulation was implemented in 
Matlab/Simulink environment. Link/joint trajectory and disturbance rejection are compared in these 
controllers. These systems are tested by band limited white noise with a predefined 40% of relative to the 
input signal amplitude.  
Link/joint Trajectory: Figure 5 shows the link/joint trajectory in SMC and proposed methodology without 

disturbance for sinus trajectory. (This techniques is applied to first two link of PUMA robot manipulator)   
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FIGURE 5:   Proposed method (AFESMC) and SMC trajectory: applied to robot manipulator 
 

By comparing sinus response, Figure 5, in SMC and proposed controller, the proposed controller’s 
overshoot (0%) is lower than SMC's (3%). 
 
Disturbance rejection: Figure 6 is indicated the power disturbance removal in SMC and proposed 
controller. Besides a band limited white noise with predefined of 40% the power of input signal is applied to 
the sinus SMC and proposed controller; it found slight oscillations in SMC trajectory responses.  

 
 

FIGURE 6:   Proposed controller (AFESMC) and SMC trajectory with external disturbance: applied to robot 
manipulator 
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5   CONCLUSIONS 
In this paper, a fuzzy (premise and consequent) adaptive robust control fuzzy estimator sliding mode 
method is proposed in order to design a high performance robust controller in the presence of 
structured uncertainties and unstructured uncertainties. The approach improves performance by 
using the advantages of sliding mode control, fuzzy logic estimation method and adaptive control 
while the disadvantages attributed to these methods are remedied by each other. This is achieved 
without increasing the complexities of the overall design and analysis of the controller. The proposed 
controller attenuates the effort of model uncertainties from both structured uncertainties and 
unstructured uncertainties. Thus, transient performance and final tracking accuracy is guaranteed by 
proper design of the controller. The results revealed that adaption of fuzzy rules weights reduce the 
model uncertainties significantly, and hence farther improvements of the tracking performance can be 
achieved. This algorithm created a methodology of learning both the premise and the consequence 
part of fuzzy rules. In this method chattering is eliminated. 
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Abstract 

One of the most important challenges in the field of robotics is robot manipulators control with 
acceptable performance, because these systems are multi-input multi-output (MIMO), nonlinear 
and uncertainty. Presently, robot manipulators are used in different (unknown and/or 
unstructured) situation consequently caused to provide complicated systems, as a result strong 
mathematical theory are used in new control methodologies to design nonlinear robust controller 
with acceptable performance (e.g., minimum error, good trajectory, disturbance rejection). 
Classical and non-classical methods are two main categories of robot manipulators control, 
where the conventional (classical) control theory uses the classical method and the non-classical 
control theory (e.g., fuzzy logic, neural network, and neuro fuzzy) uses the artificial intelligence 
methods. However both of conventional and artificial intelligence theories have applied effectively 
in many areas, but these methods also have some limitations. This paper is focused on review of 
fuzzy logic controller and applied to PUMA robot manipulator. 
 

Keywords:  PUMA Robot Manipulator, Classical Controller, Artificial Intelligence Controller, 
Fuzzy Logic Theory. 
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1. INTRODUCTION  
The international organizations in order to standardize the robot definition have a special 
description as “an automatically controlled, reprogrammable, multipurpose manipulator with three 
or more axes.” The institute of robotic in The United States Of America defines the robot as “a 
reprogrammable, multifunctional manipulator design to move material, parts, tools, or specialized 
devices through various programmed motions for the performance of variety of tasks”[1]. Robot 
manipulator is collection of links that connect to each other by joints, these joints can be revolute 
and prismatic that revolute joint has rotary motion around an axis and prismatic joint has linear 
motion around an axis. Each joint provides one or more degrees of freedom (DOF). From the 
mechanical point of view, robot manipulator is divided into two main groups, which called; serial 
robot links and parallel robot links. In serial robot manipulator, links and joints is serially 
connected between base and final frame (end-effector). Parallel robot manipulators have many 
legs with some links and joints, where in these robot manipulators base frame has connected to 
the final frame. Most of industrial robots are serial links, which in serial robot manipulator the axis 
of the first three joints has a known as major axis, these axes show the position of end-effector, 
the axis number four to six are the minor axes that use to calculate the orientation of end-effector, 
at last the axis number seven to  use to avoid the bad situation. Kinematics is an important 
subject to find the relationship between rigid bodies (e.g., position and orientation) and end-
effector in robot manipulator. The mentioned topic is very important to describe the three areas in 
robot manipulator: practical application, dynamic part, and control purposed therefore kinematics 
play important role to design accurate controller for robot manipulators. Robot manipulator 
kinematics is divided into two main groups: forward kinematics and inverse kinematics where 
forward kinematics is used to calculate the position and orientation of end-effector with given joint 
parameters (e.g., joint angles and joint displacement) and the activated position and orientation of 
end-effector calculate the joint variables in Inverse Kinematics[6]. Dynamic modeling of robot 
manipulators is used to describe the behavior of robot manipulator, design of model based 
controller, and for simulation. The dynamic modeling describes the relationship between joint 
motion, velocity, and accelerations to force/torque or current/voltage and also it can be used to 
describe the particular dynamic effects (e.g., inertia, coriolios, centrifugal, and the other 
parameters) to behavior of system[1]. The Unimation PUMA 560 serially links robot manipulator 
was used as a basis, because this robot manipulator widely used in industry and academic. It has 
a nonlinear and uncertain dynamic parameters serial link 6 degrees of freedom (DOF) robot 
manipulator. A non linear robust controller design is major subject in this work. 
 
It is a well known fact, the aim of science and modern technology has making an easier life. 
Conversely, modern life includes complicated technical systems which these systems (e.g., robot 
manipulators) are nonlinear, time variant, and uncertain in measurement, they need to have 
controlled. Consequently it is hard to design accurate models for these physical systems because 
they are uncertain. From the control point of view uncertainty is divided into two main groups: 
uncertainty unstructured inputs (e.g., noise, disturbance) and uncertainty structure dynamics 
(e.g., payload, parameter variations). At present, in some applications robot manipulators are 
used in unknown and unstructured environment, therefore strong mathematical tools used in new 
control methodologies to design nonlinear robust controller with an acceptable performance (e.g., 
minimum error, good trajectory, disturbance rejection) [1-6]. One of the nonlinear controllers is 
fuzzy logic controller which it is used in nonlinear uncertain systems. 
 
In this research we will highlight the fuzzy logic algorithm and application to classical controllers. 
This algorithm will be analyzed and evaluated on PUMA robotic manipulators. Section 2, serves 
as an introduction to the PUMA robot manipulator and it’s formulation. Part 3, introduces and 
review of the fuzzy logic algorithm and it’s application and the final section is describe the 
conclusion.     
 

2.  PUMA ROBOT MANIPULATOR: KINEMATICS AND DYNAMIC 
Robot manipulators have many applications in aerospace, manufacturing, automotive, medicine 
and other industries. Robot manipulators consist of three main parts: mechanical, electrical, and 
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control. In the mechanical point of view, robot manipulators are collection of serial or parallel links 
which have connected by revolute and/or prismatic joints between base and end-effector frame. 
The robot manipulators electrical parts are used to links motion, which including the following 
subparts: power supply to supply the electrical and control parts, power amplifier to amplify the 
signal and driving the actuators, DC/stepper/servo motors or hydraulic/pneumatic cylinders to 
motion the links, and transmission part to transfer data between robot manipulator subparts. 
Control part is used to adjust the timing between the subparts of robot manipulator to reach the 
best performance (trajectory). It provides four main abilities in robot manipulators: controlling the 
manipulators movement in correct workspace, sensing the information from the environment, 
being able to intelligent control behavior and processing the data and information between all 
subparts. The first person who used the word robot was Karel Capek in 1920 in his satirical play, 
R.U.R (Rossum’s Universal Robots). The first person who used the word robotics was the 
famous author, Issac Asimov along with three fundamental rules. Following World War ІІ, the first 
industrial robot manipulator have been installation at General Motors in 1962 for the automation. 
In 1978 the PUMA (Programmable Universal Machine for Assembly) and in 1979 the SCARA 
(Selective Compliance Assembly Robot Arm) were introduced and they were quickly used in 
research laboratories and industries.  According to the MSN Learning & Research,” 700000 
robots were in the industrial world in 1995 and over 500000 were used in Japan, about 120000 in 
Western Europe, and 60000 in the United States.” In 1940 the Ford Motor company used the 
word “automation” which this word is a contraction of “automatic motivation”. Automation play 
important role in new industry which changed the slow and heavy systems to faster, lighter and 
smarter systems.  In the recent years robot manipulators not only have been used in 
manufacturing but also used in vast area such as medical area and working in International 
Space Station. Control methodologies and the mechanical design of robot manipulators have 
started in the last two decades and the most of researchers work in these methodologies. In next 
two sections, classification of robot manipulators and their effect on design controller are 
presented.  The following sections are focused on analysis the kinematic and dynamic equations 
to control of robot manipulator [1, 6]. Research about mechanical parts and control 
methodologies in robotic system is shown; the mechanical design, type of actuators, and type of 
systems drive play important roles to have the best performance controller. This section has 
focused on the robot manipulator mechanical classification. More over types of kinematics chain, 
i.e., serial Vs. parallel manipulators, and types of connection between link and join actuators, i.e., 
highly geared systems Vs. direct-drive systems are presented in the following sections because 
these topics played important roles  to select and design the best acceptable performance 
controllers[6]. 
 
A serial link robot is a sequence of joints and links which begins with a base frame and ends with 
an end-effector. This type of robot manipulators, comparing with the load capacitance is more 
weightily because each link must be supported the weights of all next links and actuators 
between the present link and end-effector[6]. Serial robot manipulators have been used in 
automotive industry, medical application, and also in research laboratories. In contrast, parallel 
robot manipulators design according to close loop which base frame is connected to the end-
effector frame with two or more kinematic chains[6]. In the other words, a parallel link robot has 
two or more branches with some joints and links, which support the load in parallel. Parallel robot 
have been used in many applications such as expensive flight simulator, medical robotics (I.e., 
high accuracy, high repeatability, high precision robot surgery), and machinery tools. With 
comparison between serial and parallel links robot manipulators,   parallel robots are used in 
higher speed loads, better accuracy, with used lighter weigh robot manipulator but one of the 
most important handicaps is limitation the workspace compared to serial robot. From control point 
of view, the coupling between different kinematic chains can generate the uncertainty problems 
which cause difficult controller design of parallel robot manipulator[6]. One of the most important 
classifications in controlling the robot manipulator is how the links have connected to the 
actuators. This classification divides into two main groups: highly geared (e.g., 200 to 1) and 
direct drive (e.g., 1 to 1). High gear ratios reduce the nonlinear coupling dynamic parameters in 
robot manipulator. In this case, each joint is modeled the same as SISO systems. In high gear 
robot manipulators which generally are used in industry, the couplings are modeled as a 
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disturbance for SISO systems. Direct drive increases the coupling of nonlinear dynamic 
parameters of robot manipulators. This effect should be considered in the design of control 
systems. As a result some control and robotic researchers’ works on nonlinear robust controller 
design[2]. 
 
Introduction of Rigid Body Kinematics: PUMA Robot Manipulator 
Study of robot manipulators is classified into two main groups: kinematics and dynamics. 
Calculate the relationship between rigid bodies and endeffector without any forces is called Robot 
manipulator Kinematics. Study of this part is pivotal to calculate accurate dynamic part, to design 
with an acceptable performance controller, and finally in real situations and practical applications. 
As expected the study of manipulator kinematics is divided in two main challenges: forward and 
inverse kinematics. Forward kinematics has been  used to find the position and orientation of task 
(end-effector) frame when angles and/or displacement of joints are known and inverse kinematics 
has been used to find possible joints variable (displacements and angles) when all position and 
orientation of end-effector be active[1]. The main target in forward kinematics is calculating the 
following function [14]: 

      (1) 

Where  is a nonlinear vector function,  is the vector of task space 
variables which generally endeffector has six task space variables, three position and three 
orientation,  is a vector of angles or displacement, and finally   is the number 
of actuated joints. Denvit-Hartenberg (D-H) convention study is necessary to calculate forward 
kinematics in serial robot manipulator. The first step to calculate the serial link robot manipulator 
forward kinematics is link description, the second step is find the D-H convention after the frame 
attachment and finally find the forward kinematics. Forward kinematics is a 4×4 matrix which 3×3 
of them shows the rotation matrix, 3×1 of them is shown the position vector and last four cells are 
scaling factor[1, 6]. Wu has proposed PUMA 560 robot arm kinematics based on accurate 
analysis[9].  The inverse kinematics problem is calculation of joint variables (i.e., displacement 
and angles), when position and orientation of end-effector to be known. In other words, the main 
target in inverse kinematics is to calculate , where  is joint variable, 

[ , and  are position and orientation of endeffector, X=[X,  In general 
analysis the inverse kinematics of robot manipulator is difficult because, all nonlinear equations 
solutions are not unique (e.g., redundant robot, elbow-up/elbow-down rigid body), and inverse 
kinematics is different for different types of robots.  In serial links robot manipulators, equations of 
inverse kinematics are classified into two main groups: numerical solutions and closed form 
solutions. Most of researcher works on closed form solutions of inverse kinematics with different 
methods, such as inverse transform, screw algebra, dual matrix, iterative, geometric approach 
and decoupling of position and orientation[1, 6]. Research on the Inverse Kinematics robot 
manipulator PUMA 560 series, like in some applications has been working. For instance, Hong 
Zhang has worked on particular way of robot kinematics solution to reduce the computation[10]. 
Jon Kieffer has proposed a simple iterative solution to computation of inverse kinematics[11]. 
Ziauddin Ahmad et al., are solved the robot manipulator inverse kinematics by neural network 
hybrid method which this method is combining the advantages of neural network and iterative 
methods[12]. Singularities are one of the most important challenges in inverse kinematics which 
F. T. Cheng et al., have proposed a method to solve this problem[13]. Kinematics is significant 
topic to find the relationship between rigid bodies (e.g., position and orientation) and end-effector 
in robot manipulator. This topic is very important to describe three areas in robot manipulator, 
namely, practical application, dynamic part and control purposed. A systematic Forward 
Kinematics of robot manipulator solution is the main target of this part. The first step to compute 
Forward Kinematics (F.K) of robot manipulator is finding the Denavit-Hartenberg (D-H) 
parameters.  Figure 1 shows the schematic of the PUMA 560 robot manipulator. The following 
steps show the systematic derivation of the D-H parameters. 

• Locate the robot arm 

• Label joints 

• Determine joint rotation or translation (  
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• Setup base coordinate frames. 

• Setup joints coordinate frames. 

• Determine , that , link twist, is the angle between  and  about an .  

• Determine  and  , that , link length, is the distance between  and  along . , 
offset, is the distance between  and  along  axis.  

• Fill up the D-H parameters table. Table 1 shows the D-H parameters for n DOF robot 
manipulator. 

The second step to compute Forward kinematics for robot manipulator is finding the rotation 
matrix ( ). The rotation matrix from  to  is given by the following equation;  

 
 

(2) 

Where  is given by the following equation [1]; 

 

(3) 

and  is given by the following equation [1]; 

 

(4) 

So ( ) is given by [1] 

 (5) 

 
Link i (rad) (rad) (m) (m) 

1     

2     

3     

........ ...... ....... ....... ........ 

........ ....... ....... ........ ........ 

n     

 

TABLE 1: The Denavit Hartenberg parameter 
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FIGURE 1: D-H notation for a six-degrees-of-freedom PUMA 560 robot manipulator[2] 

The third step to compute the forward kinematics for robot manipulator is finding the displacement 
vector , that it can be calculated by the following equation [1] 

 (6) 

The forth step to compute the forward kinematics for robot manipulator is calculate the 
transformation  by the following formulation [1] 

 

(7) 

In PUMA robot manipulator the final transformation matrix is given by 

      
(8) 

That  and is given by the following matrix 

      

(9) 

That  can be determined by 
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(10) 

Table 2 shows the PUMA 560 D-H parameters.  

 

Link i (rand) (rand) (m) (m) 

1   0 0 

2  0 0.4318 0 

3   0.0203 0.15005 

4   0 0.4318 

5   0 0 

6  0 0 0 

 

TABLE 2: PUMA 560  robot manipulator DH parameter [4]. 

 

As equation 8 the cells of above matrix for PUMA 560 robot manipulator is calculated by following 

equations: 

      

(11) 

 

      

(12) 

 

      

(13) 

 

  

 

  

 

(14) 

 
 
 
 

(15) 
 
 
 
 
 
 

(16) 
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(17) 
 
 
 
 

(18) 
 
 
 

(19) 
 

(20) 
 
 

(21) 
 
 

(22) 

 

Dynamic of Robot Manipulator 
As mentioned before, dynamic equation is the study of motion with regard to forces. Dynamic 
modeling is vital for control, mechanical design, and simulation. It is used to describe dynamic 
parameters and also to describe the relationship between displacement, velocity and acceleration 
to force acting on robot manipulator.  To calculate the dynamic parameters which introduced in 
the following lines, four algorithms are very important. Inverse dynamics, in this algorithm, joint 
actuators are computed (e.g., force/torque or voltage/current) from endeffector position, velocity, 
and acceleration. It is used in feed forward control. Forward dynamics used to compute the joint 
acceleration from joint actuators. This algorithm is required for simulations. The joint-space 
inertia matrix, necessary for maps the joint acceleration to the joint actuators. It is used in 
analysis, feedback control and in some integral part of forward dynamics formulation. The 
operational-space inertia matrix, this algorithm maps the task accelerations to task actuator in 
Cartesian space. It is required for control of end-effector. The field of dynamic robot manipulator 
has a wide literature that published in professional journals and established textbooks[1, 6]. 
 
Several different methods are available to compute robot manipulator dynamic equations. These 
methods include the Newton-Euler (N-E) methodology, the Lagrange-Euler (L-E) method, and 
Kane’s methodology[1]. The Newton-Euler methodology is based on Newton’s second law and 
several different researchers are signifying to develop this method[1]. This equation can be 
described the behavior of a robot manipulator link-by-link and joint-by-joint from base to 
endeffector, called forward recursion and transfer the essential information from end-effector to 
base frame, called backward recursive. The literature on Euler-Lagrange’s is vast but a good 
starting point to learn about it is in[1]. Euler-Lagrange is a method based on calculation kinetic 
energy. Calculate the dynamic equation robot manipulator using E-L method is easier because 
this equation is derivation of nonlinear coupled and quadratic differential equations. The Kane’s 
method was introduced in 1961 by Professor Thomas Kane[1, 6]. This method used to calculate 
the dynamic equation of motion without any differentiation between kinetic and potential energy 
functions. The equation of a multi degrees of freedom (DOF) robot manipulator is calculated by 
the following equation[6]: 

           (23) 
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Where τ is vector of actuation torque, M (q) is symmetric and positive define inertia 
matrix,  is the vector of nonlinearity term, and q is  position vector. In equation 23 if 
vector of nonlinearity term derive as Centrifugal, Coriolis and Gravity terms, as a result robot 
manipulator dynamic equation can also be written as [80]: 

        
 

(24) 

 (25) 
 

 
 

(26) 

Where, is matrix of coriolis torques, is matrix of centrifugal torque, is vector of joint 
velocity that it can give by: , and  is vector, that it can given 

by: . 
In robot manipulator dynamic part the inputs are torques and the outputs are actual 
displacements, as a result in (26) it can be written as [1, 6, 73-74]; 

 (27) 

To implementation (27) the first step is implement the kinetic energy matrix (M) parameters by 
used of Lagrange’s formulation. The second step is implementing the Coriolis and Centrifugal 
matrix which they can calculate by partial derivatives of kinetic energy. The last step to implement 
the dynamic equation of robot manipulator is to find the gravity vector by performing the 
summation of Lagrange’s formulation. The kinetic energy equation (M) is a  symmetric 
matrix that can be calculated by the following equation; 

  

(28) 

As mentioned above the kinetic energy matrix in  DOF is a  matrix that can be calculated 
by the following matrix [1, 6] 

 

(29) 

The Coriolis matrix (B) is a  matrix which calculated as follows; 

 

(30) 

 
and the Centrifugal matrix (C) is a  matrix; 

  
(31) 

And last the Gravity vector (G) is a  vector; 

  

(32) 

To position control of robot manipulator, the second three axes are locked the dynamic equation 
of PUMA robot manipulator is given by [70-73]; 
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(33) 

Where 
 

      

(34) 

 
 is computed as  

   
    

(35) 

   
 

(36) 

 
      

(37) 

 
      

(38) 

      (39) 

 
    

(40) 

     (41) 

 
      

(42) 

 
      

(43) 

 
    

(44) 

 
     

(45) 

and Corilios ( ) matrix is calculated as the following  

      

(46) 

Where, 
(47) 



Farzin Piltan , Sh. Tayebi Haghighi, N. Sulaiman, I. Nazari & S. Siamak 

International Journal of Robotic and Automation (IJRA), Volume (2) : Issue (5) : 2011                             411 

  
      

 

  
      

(48) 

  
      

(49) 

  
      

(50) 

  
      

(51) 

  
      

(52) 

 
      

(53) 

 
 

(54) 

  
 

(55) 

  
 

(56) 

 
 

(57) 

 
 

(58) 

consequently coriolis matrix is shown as bellows; 
 

      

(59) 

Moreover Centrifugal ( ) matrix is demonstrated as 
 

      

(60) 

 
Where, 

  
     

(61) 
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(62) 

  
      

(63) 

 
     

(64) 

  
     

(65) 

 
      

(66) 

    

(67) 

 
     

(68) 

In this research   , as a result 
 

      

(69) 

Gravity ( ) Matrix can be written as  
 

      

(70) 

 
 
Where, 

      
(71) 

 
      (72) 

 

       
(73) 

Suppose  is written as follows  
      (74) 
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and  is introduced as  
      (75) 

 can be written as 
      (76) 

Therefore  for PUMA robot manipulator is calculated by the following equations 

        (77) 

        (78) 

      (79) 

     (80) 

      (81) 

      (82) 

An information about inertial constant and gravitational constant are shown in Tables 3 and 4 
based on [73-74]. 
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TABLE 3: Inertial constant reference (Kg.m
2
) 

 

  

  

  

 

TABLE 4: Gravitational constant (N.m) 
 

3. FUZZY LOGIC ALGORITHM AND APPLICATION TO CLASSICAL 
CONTROLLER 

In modern usage, the word of control has many meanings, this word is usually taken to mean 
regulate, direct or command. The word feedback plays a vital role in the advance engineering and 
science. The conceptual frame work in Feed-back theory has developed only since world war ІІ. 
In the twentieth century, there was a rapid growth in the application of feedback controllers in 
process industries. According to Ogata, to do the first significant work in three-term or PID 
controllers which Nicholas Minorsky worked on it by automatic controllers in 1922. In 1934, 
Stefen Black was invention of the feedback amplifiers to develop the negative feedback 
amplifier[3]. Negative feedback invited communications engineer Harold Black in 1928 and it 
occurs when the output is subtracted from the input. Automatic control has played an important 
role in advance science and engineering and its extreme importance in many industrial 
applications, i.e., aerospace, mechanical engineering and robotic systems. The first significant 
work in automatic control was James Watt’s centrifugal governor for the speed control in motor 
engine in eighteenth century[2]. In recent years, artificial intelligence theory has been used in 
classical control systems [62-69]. Neural network, fuzzy logic, and neuro-fuzzy are synergically 
combined with nonlinear classical controller and used in nonlinear, time variant, and uncertainty 
plant (e.g., robot manipulator).  Fuzzy logic controller (FLC) is one of the most important 
applications of fuzzy logic theory. This controller can be used to control nonlinear, uncertain, and 
noisy systems. This method is free of some model-based techniques as in classical controllers. 
As mentioned that fuzzy logic application is not only limited to the modelling of nonlinear systems 
[31-36]but also this method can help engineers to design easier controller.  Control robot arm 
manipulators using classical controllers are based on manipulator dynamic model. These 
controllers often have many problems for modelling [8]. Conventional controllers require accurate 
information of dynamic model of robot manipulator, but these models are multi-input, multi-output 
and non-linear and calculate accurate model can be very difficult. When the system model is 
unknown or when it is known but complicated, it is difficult or impossible to use classical 
mathematics to process this model[32]. The main reasons to use fuzzy logic technology are able 
to give approximate recommended solution for unclear and complicated systems to easy 
understanding and flexible. Fuzzy logic provides a method which is able to model a controller for 
nonlinear plant with a set of IF-THEN rules, or it can identify the control actions and describe 
them by using fuzzy rules. It should be mentioned that application of fuzzy logic is not limited to a 
system that’s difficult for modeling, but it can be used in clear systems that have complicated 
mathematics models because most of the time it can be shortened in design but there is no high 
quality design just sometimes we can find design with high quality. Besides using fuzzy logic in 
the main controller of a control loop, it can be used to design adaptive control, tuning parameters, 
working in a parallel with the classical and non classical control method [32]. The applications of 
artificial intelligence such as neural networks and fuzzy logic in modelling and control are 
significantly growing especially in recent years. For instance, the applications of artificial 
intelligence, neural networks and fuzzy logic, on robot arm control have reported in [37-39]. Wai 
et al. [37-38]have proposed a fuzzy neural network (FNN) optimal control system to learn a 
nonlinear function in the optimal control law. This controller is divided into three main groups: 
arterial intelligence controller (fuzzy neural network) which it is used to compensate the system’s 
nonlinearity and improves by adaptive method, robust controller to reduce the error and optimal 
controller which is the main part of this controller. Mohan and Bhanot [40] have addressed 
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comparative study between some adaptive fuzzy, and a new hybrid fuzzy control algorithm for 
manipulator control. They found that self-organizing fuzzy logic controller and proposed hybrid 
integrator fuzzy give the best performance as well as simple structure. Research on combinations 
of fuzzy logic systems with sliding mode method is significantly growing as nonlinear control 
applications. For instance, the applications of fuzzy logic on sliding mode controller have reported 
in [7, 24-30, 41-45]. Research on applied fuzzy logic methodology in sliding mode controller 
(FSMC) to reduce or eliminate the high frequency oscillation (chattering), to compensate the 
unknown system dynamics and also to adjust the linear sliding surface slope in pure sliding mode 
controller considerably improves the robot manipulator control process [42-43]. H.Temeltas [46] 
has proposed fuzzy adaption techniques for SMC to achieve robust tracking of nonlinear systems 
and solves the chattering problem. Conversely system’s performance is better than sliding mode 
controller; it is depended on nonlinear dynamic equqation. C. L. Hwang et al. [47]have proposed 
a Tagaki-Sugeno (TS) fuzzy model based sliding mode control based on N fuzzy based linear 
state-space to estimate the uncertainties. A multi-input multi-output FSMC reduces the chattering 
phenomenon and reconstructs the approximate the unknown system has been presented for a 
robot manipulator [42]. Investigation on applied sliding mode methodology in fuzzy logic controller 
(SMFC) to reduce the fuzzy rules and refine the stability of close loop system in fuzzy logic 
controller has grown specially in recent years as the robot manipulator control [23]; [48-50]. Lhee 
et al. [48]have presented a fuzzy logic controller based on sliding mode controller to more 
formalize and boundary layer thickness. Emami et al. [51]have proposed a fuzzy logic 
approximate inside the boundary layer. H.K.Lee et al. [52] have presented self tuning SMFC to 
reduce the fuzzy rules, increase the stability and to adjust control parameters control 
automatically.  
 

Adaptive Methodology  
In various dynamic parameters systems that need to be training on-line adaptive control 
methodology is used [62-69]. Adaptive control methodology can be classified into two main 
groups, namely, traditional adaptive method and fuzzy adaptive method. Fuzzy adaptive method 
is used in systems which want to training parameters by expert knowledge. Traditional adaptive 
method is used in systems which some dynamic parameters are known. In this research in order 
to solve disturbance rejection and uncertainty dynamic parameter, adaptive method is applied to 
artificial sliding mode controller [62-69]. F Y Hsu et al. [54]have presented adaptive fuzzy sliding 
mode control which can update fuzzy rules to compensate nonlinear parameters and guarantee 
the stability robot manipulator controller. Y.C. Hsueh et al. [43] have presented self tuning sliding 
mode controller which can resolve the chattering problem without to using saturation function. For 
nonlinear dynamic systems (e.g., robot manipulators) with various parameters, adaptive control 
technique can train the dynamic parameter to have an acceptable controller performance. 
Calculate several scale factors are common challenge in classical sliding mode controller and 
fuzzy logic controller, as a result it is used to adjust and tune coefficient. Research on adaptive 
fuzzy control is significantly growing, for instance, different adaptive fuzzy controllers have been 
reported in [40, 55-57]. Research on adaptive fuzzy sliding mode controller is significantly 
growing as many applications and it can caused to improve the tracking performance by online 
tuning the parameters. The adaptive sliding mode controller is used to estimate the unknown 
dynamic parameters and external disturbances. For instance, the applications of adaptive fuzzy 
sliding mode controller to control the robot manipulators have been reported in [24, 29, 45].  
Generally, adaptive fuzzy sliding mode control of robot manipulator is classified into two main 
groups’ i.e. multi-input multi-output (MIMO) and single-input single-output (SISO) fuzzy systems. 
Yoo and Ham [58]have proposed a MIMO fuzzy system to help the compensation and estimation 
the torque coupling. In  robot manipulator with  membership function for each input 
variable, the number of fuzzy rules for each joint is equal to  that causes to high computation 
load and also this controller has chattering. This method can only tune the consequence part of 
the fuzzy rules. Medhafer et al. [59] have proposed an indirect adaptive fuzzy sliding mode 
controller to control robot manipulator. This MIMO algorithm, applies to estimate the nonlinear 
dynamic parameters. If each input variable have  membership functions, the number of fuzzy 
rules for each joint is  Compared with the previous algorithm the number of 

fuzzy rules have reduced by introducing the sliding surface as inputs of fuzzy systems. Y. Guo 
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and P. Y. Woo [60]have proposed a SISO fuzzy system compensate and reduce the chattering. 
First suppose each input variable with  membership function the number of fuzzy rules for each 
joint is  which decreases the fuzzy rules and the chattering is also removed.  C. M. Lin and C. 
F. Hsu [61] can tune both systems by fuzzy rules. In this method the number of fuzzy rules equal 
to   with low computational load but it has chattering. Shahnazi et al., have proposed a SISO PI 
direct adaptive fuzzy sliding mode controller based on Lin and Hsu algorithm to reduce or 
eliminate chattering with fuzzy rules numbers. The bounds of PI controller and the parameters 
are online adjusted by low adaption computation [44]. Table 2.2 is illustrated a comparison 
between computed torque controller[15-16], sliding mode controller[1, 6, 17-23,  26], fuzzy logic 
controller (FLC)[31-40], applied sliding mode in fuzzy logic controller (SMFC)[23, 48-50], applied 
fuzzy logic method in sliding mode controller (FSMC)[54-55, 60-61] and adaptive fuzzy sliding 
mode controller. 
 

Foundation and Basic Definition of Fuzzy Logic Methodology 

This section provides a review about foundation of fuzzy logic based on [32, 53]. Supposed that  
is the universe of discourse and  is the element of , therefore, a crisp set can be defined as a 
set which consists of different elements  will all or no membership in a set. A fuzzy set is a set 
that each element has a membership grade, therefore it can be written by the following definition; 

 (83) 

Where an element of universe of discourse is ,  is the membership function (MF) of fuzzy set. 
The membership function  of fuzzy set  must have a value between zero and one. If the 
membership function  value equal to zero or one, this set change to a crisp set but if it has a 
value between zero and one, it is a fuzzy set. Defining membership function for fuzzy sets has 
divided into two main groups; namely; numerical and functional method, which in numerical 
method each number has different degrees of membership function and functional method used 
standard functions in fuzzy sets. The membership function which is often used in practical 
applications includes triangular form, trapezoidal form, bell-shaped form, and Gaussian form. A 
Trapezoidal membership function of fuzzy set is defined by the following equation 

 

(84) 

A Triangular membership function of fuzzy set is defined by the following equation 

 
 

(85) 

A Gaussian membership function of fuzzy set is defined by  

 
(86) 

and a  Bell-shaped membership function of fuzzy set is defined by  

 

(87) 

Figure 2 shows the typical shapes of membership functions in a fuzzy set. 
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FIGURE 2: Most important membership functions in fuzzy set: 1-Trianglar, 2-Trapezoidal, 3-Gaussian, 4-
Bell-shaped [53]. 

 
 
The union of two fuzzy set  and  ( ) is a new fuzzy set which the new membership 
function is given by 

 
(88) 

The intersection of two fuzzy set  and  ( ) is a new fuzzy set which the new 
membership function is given by  

 

  

(89) 

In fuzzy set the  operation can resolve the statement  and can be shown by 
 operation. Using the same reason, the   operation can be replace by  

operation in fuzzy set and at last the  operation can be replace by  operation in fuzzy 
set. The algebraic  of two fuzzy set  and  is the multiplication of the membership 
functions which is given by the following equation 

  (90) 

The algebraic  of two fuzzy sets  and  is given by the following equation 
  (91) 

Linguistic variable can open a wide area to use of fuzzy logic theory in many applications (e.g., 
control and system identification). In a natural artificial language all numbers replaced by words or 
sentences. In Figure 3 the linguistic variable is torque and the linguistic values are ,  
and . 

 Rule statements are used to formulate the condition statements in fuzzy logic. A single 
fuzzy  rule can be written by 

  (92) 

where  and  are the Linguistic values that can be defined by fuzzy set, the   of the 
part of  is called the antecedent part and the  of the part of  is called the 
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Consequent or Conclusion part. The antecedent of a fuzzy if-then rule can have multiple parts, 
which the following rules shows the multiple antecedent rules: 

     (93) 

where  is error,  is change of error,  is Negative Big,  is Medium Left,  is torque and  
is Large Left. 
 
 
 
 
 
 
 
 
 
 
 
 

FIGURE 3: Linguistic variable and Linguistic value 
 

 rules have three parts, namely, fuzzify inputs, apply fuzzy operator and apply 
implication method which in fuzzify inputs the fuzzy statements in the antecedent replaced by the 
degree of membership, apply fuzzy operator used when the antecedent has multiple parts and 
replaced by single number between 0 to 1, this part is a degree of support for the fuzzy rule, and 
apply implication method used in consequent of fuzzy rule to replaced by the degree of 
membership. Figure 4 shows the main three parts in  rules. 
 
The fuzzy inference engine offers a mechanism for transferring the rule base in fuzzy set which it 
is divided into two most important methods, namely, Mamdani method and Sugeno method. 
Mamdani method is one of the common fuzzy inference systems and he designed one of the first 
fuzzy controllers to control of system engine. Design Mamdani’s fuzzy inference system has four 
major steps: fuzzification, rule evaluation, aggregation of the rule outputs and defuzzification.  
Michio Sugeno use a singleton as a membership function of the rule consequent part. The 
following definition shows the Mamdani and Sugeno fuzzy rule base 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

FIGURE 4: Main three parts in IF-THEN rules in fuzzy set 
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   (94) 

 
When  and  have crisp values fuzzification calculates the membership degrees for antecedent 
part. Rule evaluation focuses on fuzzy operation (  ) in the antecedent of the fuzzy rules. 
The aggregation is used to calculate the output fuzzy set and several methodologies can be used 
in fuzzy logic controller aggregation, namely, Max-Min aggregation, Sum-Min aggregation, Max-
bounded product, Max-drastic product, Max-bounded sum, Max-algebraic sum and Min-max. Two 
most common methods that used in fuzzy logic controllers are Max-min aggregation and Sum-
min aggregation. Max-min aggregation defined as below 

 
    (95) 

The Sum-min aggregation defined as below 

 
    (96) 

where  is the number of fuzzy rules activated by  and  and also  is a fuzzy 

interpretation of  rule. Defuzzification is the last step in the fuzzy inference system which it is 
used to transform fuzzy set to crisp set. Consequently defuzzification’s input is the aggregate 
output and the defuzzification’s output is a crisp number. Centre of gravity method  and 
Centre of area method  are two most common defuzzification methods, which  method 
used the following equation to calculate the defuzzification 

 

    (97) 

and  method used the following equation to calculate the defuzzification 

 

    (98) 

Where  and  illustrates the crisp value of defuzzification output,  is 
discrete element of an output of the fuzzy set,  is the fuzzy set membership function, 
and  is the number of fuzzy rules. 
 
EXAMPLE: If two fuzzy rules defined by 

 
 

Where  is error,  is change of error,  is torque,  is Negative Big,  is Medium Left, and  
is Large Left to calculate Mamdani fuzzy inference system we must to do four steps: 
Fuzzification is used to determine the membership degrees if all input fuzzy activated by crisp 
input values  and  , where fuzzy set , , and  are defined as below 

  

 

 
while  

 
Rule evaluation focuses on operation in the antecedent of the fuzzy rules. This controller used 

 fuzzy operation, that it can be defined by . The output 

fuzzy set can be calculated by using individual rule-base inference. So this part focuses on 
determine the activation degrees of antecedent of  and : 
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The activation degrees of the consequent parts for  and  can be calculated by: 

 

 
Therefore fuzzy set  and  have nine elements, that can be written by the following form 

 

 
Aggregation of the rule outputs focuses on the aggregation of two fuzzy set into one output fuzzy 
set. Therefore by using the Max-min aggregation the output of fuzzy set can be calculated: 

 
 

  
and by using the Sum aggregation the output of fuzzy set can be calculated by 

 
Defuzzification is the last step to calculate the fuzzy inference system. In this example we use two 
methods, namely, , and  defuzzification. For Max-min aggregation the  defuzzification 
can be calculated by 

  
For Sum aggregation the  defuzzification can be calculated by 

  
For Max-min aggregation the  defuzzification can be calculated by 

 
For Sum aggregation the  defuzzification can be calculated by 

 
 
Fuzzy Controller Structure 
One of the most active research areas in the field of fuzzy logic is the fuzzy logic controller (FLC) 
design because it has a influential tool to control of highly nonlinear, uncertain or noisy systems 
[53]. However the application area for fuzzy control is really wide, the basic form for all command 
types of controllers consists of; 

• Input fuzzification (binary-to-fuzzy[B/F]conversion)  
• Fuzzy rule base (knowledge base) 

• Inference engine 

• Output defuzzification (fuzzy-to-binary[F/B]conversion). 
The basic structure of a fuzzy controller is shown in Figure 5.  
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FIGURE 5: Structure of Fuzzy Logic Controller (F.L.C) 

 

4. CONCLUSION 
In this paper, review of fuzzy logic control is discussed for PUMA robotic manipulators. In this 
paper, first of all, main subject of modelling PUMA robot manipulator is presented. Second part is 
focused on review of fuzzy logic methodology and applied to robot manipulator. Pure fuzzy logic 
controllers have some disadvantages, therefore, in most of design adaptive methodology is 
applied to main controller for reduce computation load in fuzzy logic controller.  
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