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EDITORIAL PREFACE
Robots are becoming part of people's everyday social lives - and will increasingly become so. In
future years, robots may become caretaking assistants for the elderly or academic tutors for our
children, or medical assistants, day care assistants, or psychological counselors. Robots may
become our co-workers in factories and offices, or maids in our homes. It is the Fourth Issue of
Volume Three of International Journal of Robotics and Automation (IJRA). IJRA published six
times in a year and it is being peer reviewed to very high International standards.
The initial efforts helped to shape the editorial policy and to sharpen the focus of the journal.
Started with Volume 3, 2012, IJRA appears with more focused issues. Besides normal
publications, IJRA intends to organize special issues on more focused topics. Each special issue
will have a designated editor (editors) – either member of the editorial board or another
recognized specialist in the respective field.
IJRA looks to the different aspects like sensors in robot, control systems, manipulators, power
supplies and software. IJRA is aiming to push the frontier of robotics into a new dimension, in
which motion and intelligence play equally important roles. IJRA scope includes systems,
dynamics, control, simulation, automation engineering, robotics programming, software and
hardware designing for robots, artificial intelligence in robotics and automation, industrial robots,
automation, manufacturing, and social implications etc. IJRA cover the all aspect relating to the
robots and automation.
The IJRA is a refereed journal aims in providing a platform to researchers, scientists, engineers
and practitioners throughout the world to publish the latest achievement, future challenges and
exciting applications of intelligent and autonomous robots. IJRA open access publications have
greatly speeded the pace of development in the robotics and automation field. IJRA objective is to
publish articles that are not only technically proficient but also contains state of the art ideas and
problems for international readership.
In order to position IJRA as one of the top International journal in robotics, a group of highly
valuable and senior International scholars are serving its Editorial Board who ensures that each
issue must publish qualitative research articles from International research communities relevant
to signal processing fields.
IJRA editors understand that how much it is important for authors and researchers to have their
work published with a minimum delay after submission of their papers. They also strongly believe
that the direct communication between the editors and authors are important for the welfare,
quality and wellbeing of the Journal and its readers. Therefore, all activities from paper
submission to paper publication are controlled through electronic systems that include electronic
submission, editorial panel and review system that ensures rapid decision with least delays in the
publication processes.
To build its international reputation, we are disseminating the publication information through
Google Books, Google Scholar, Directory of Open Access Journals (DOAJ), Open J Gate,
ScientificCommons, Docstoc and many more. Our International Editors are working on
establishing ISI listing and a good impact factor for IJRA. We would like to remind you that the
success of our journal depends directly on the number of quality articles submitted for review.
Accordingly, we would like to request your participation by submitting quality manuscripts for
review and encouraging your colleagues to submit quality manuscripts for review. One of the
great benefits we can provide to our prospective authors is the mentoring nature of our review
process. IJRA provides authors with high quality, helpful reviews that are shaped to assist
authors in improving their manuscripts.
Editorial Board Members
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Abstract
To evaluate the performance of a linear time-invariant system, various measures are available. In
this paper employing Routh’s table, two geometrical criteria for the aperiodic stability analysis of
linear time-invariant systems having real coefficients are formulated. The proposed algebraic
stability criteria check whether the given linear system is aperiodically stable or not.The
additional significance of the two criteria is , it can be used to count the number of complex roots
of a system having real coefficients which is not possible by the use of original Routh’s Table.
These procedures can also be used for the design of linear systems. In the proposed
methods,the characteristic equation having real coefficients are first converted to complex
coefficient equations using Romonov’s transformation. These complex coefficients are used in
two different ways to form the Modified Routh’s tables for the two schemes named as Sign Pair
Criterion I (SPC I) and Sign Pair Criterion II (SPC II). It is found that the proposed algorithms offer
computational simplicity compared to other algebraic methods and is illustrated with suitable
examples. The developed MATLAB program make the analysis most simple.
Keywords: Complex Roots of a Polynomial, Linear Systems , Aperiodic Stability Analaysis,
Modified Routh’s table, Sign pair criterion I and II.

1. INTRODUCTION
In the case of a linear invariant continuous system, the stability analysis can be carried out by the
knowledge of root distribution of it’s characteristic equation. To analyse the stability of complex
polynomials the generalized Routh-Hurwitz method was investigated in [1] - [6 ]. Frank [1] and
Agashe [2] developed a new Routh like algorithm to determine the number of RHP roots in the
complex case. Benidir and Picinbono [3] proposed an extended Routh table which considers
singular cases of vanishing leading array element. By adding intermediate rows in the Routh
array, Shyan and Jason [4] developed a tabular column ,which is also a complicated one. Adel
[5] has done the stability analysis of complex polynomials using the J-fraction expansion , Hurwitz
Matrix determinant and also generalized Routh’s Array. Formation of Routh’s Table by retaining
the ‘j’ terms of the complex coefficients and the stability analysis using Sign Pair Criterion I were
done in [6].
Information about the aperiodic stability of a control system is of paramount importance for any
design problem. This is generally used for the design of instrumentation systems, network
analysis and automatic controls. The existence of real and distinct roots in the negative real axis
determine the aperiodic behavior of a linear system. The presence of any complex roots shows
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that the system is aperiodically unstable. To analyze the aperiodic stability , a generalized
method was investigated in [7] by Fuller. Romonov [8] developed a new transformation to
determine the aperiodic behavior of the linear system which results in complex coefficient
polynomials. A popular but cumbersome method for determining the number of real roots in
polynomial with real coefficients is by Sturm’s theorem [9]. Itzhack presented [10] a three-steps
transformation procedure which develops a polynomial whose number of right hand plane poles
equals the number of complex roots present in the original polynomial .
In the proposed methods ,the characteristic equation having real coefficients are first converted
to complex coefficient equations using Romonov’s transformation. These complex coefficients
are used in two different ways to form the Modified Routh’s tables for the two schemes named as
Sign Pair Criterion I (SPC I) and Sign Pair Criterion II (SPC II). The beauty of the Routh’s
algorithm lies in finding the aperiodic stability of the system without determining the roots of the
system. In the first approach, formation of Routh’s Table is done by retaining the ‘j’ terms of the
complex coefficients and the stability analysis is done using Sign Pair Criterion I (SPC I) . The
proof is given in [6]. In the second scheme, a geometrical procedure is presented which is
named as Sign Pair Criterion II (SPC II) and is formulated with the help of ‘Modified Routh’s table’
after separating the real and imaginary parts of the characteristic equation by substituting
s=’jω’. Applying Routh–Hurwitz criterion, the number of the roots of F(s)=0 having positive real
part can be revealed. Then by the use of the proposed algorithm, the aperiodic behavior of linear
systems, and also the number of complex roots of the characteristic equations can be
determined. MATLAB Program is developed for the proposed schemes and aperiodic stability is
analyzed in a most simple way regardless of the order of the system .The computational
simplicity is illustrated with examples.

2. APERIODIC STABILITY ANALYSIS
A linear time invariant control system represented by the characteristic equation F(s) =0, with
real coefficients is aperiodically stable only when it’s all roots are distinct ,real and lie on the
negative real axis of ‘s’ plane. To analyse this situation, Romonov [8] suggested a transformed
polynomial of F(s) into a complex polynomial defined as given in equation (1) .

F ' ( s) = [ F ( s ) s = js + j (
= F( js) + j(

dF ( js)
)]
d ( js)

dF( js)
)
d( js)

(1)
Applying Routh–Hurwitz criterion, the number of the roots of F(s)=0 having positive real part can
be revealed. After the transformation, the real coefficient polynomial is converted to complex
coefficient polynomial and the two proposed schemes SPC I and SPC II can be used for the
aperiodic stability analysis and each sign pair which fails to satisfy the condition for stability
represents the existence of two complex roots ( one complex conjugate pair) and this leads to
aperiodic instability. These procedures can also be used for the design of linear systems.

3. PROPOSED PROCEDURES
2.1. Sign Pair Criterion I (SPC I)
Let F(s)=0 be the nth degree characteristic equation of a linear time invariant system and written
as

F ( s ) = s n + ( a1 + jb1) s n −1 + ( a 2 + jb 2) s n − 2 + ...... + ( an + jbn ) = 0

(2)

( ai + jbi )

Where
are the complex coefficients. The first two rows of Modified Routh’s Table for
the equation (2) are shown as below.
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1
a1

jb 1
jb 2

a2
a3

jb 3 .....
jb 4 .....

Applying Routh multiplication rule ,the complete table with ‘2n’ number of rows are formed.

1

jb 1

a2

jb 3 .....

a1

jb 2

a3

jb 4 .....

jc 1

c2

jc 3 ....

jd 1

d2

jd 3 ....

.

.

.....

.

.

.....

g1
h1
Using the above Table, pairs are formed using the first column and starting from the first row.

P1 = (1, a1),

P 2 = ( jc1, jd 1), Pn = ( g 1, h1)

It is ascertained that the two elements in each pair has to maintain same sign for the system to
be stable. Proof is given in [6].
2.2. Sign Pair Criterion II (SPC II)
In this approach , the characteristic equation given in ‘s’ domain is converted to frequency domain
by replacing s=’jω’ and the real and imaginary parts are separated . The coefficients of real parts
are used to form the first row of ‘Modified Routh’s table’ and the coefficients of imaginary parts
are the elements of second row of the table., By applying the normal Routh multiplication rule, the
complete Routh’s Array is formed with ‘2n+1’ number of rows ,where ‘n’ is the order of the
system.
2.2.1.Algorithm for the proposed approach
1. Get F(s)=0 with complex coefficients.
2. With s=jω, form F(jω) = R(ω)+jI(ω)
3. Use the coefficients of R(ω) & I(ω), form the first and second rows of Routh’s table.
4. If the first element in the first row is negative , multiply the full row elements by -1.
5. If the first element in the second row is zero, interchange first and second row.
6. Follow the Common Routh’s multiplication rule to get the complete table with ‘2n+1’
rows.
7. Get ‘n’ sign pairs using the first column elements starting from second row.
Consider the nth degree characteristic equation F(S)=0 of a linear time invariant system with
complex coefficients,

F ( s) = s n + ( A1 + jB1)s n −1 + ( A2 + jB 2) s n− 2 + ...... + ( An + jBn) = 0
Where Ai + jBi are the complex coefficients. By substituting s=’jω’ and

(3)
separating real and

imaginary parts, the characteristic equation can be written as follows.

F ( jω ) = R (ω ) + jI (ω ) = 0
= a1ω n + a 2ω n −1 + a 3ω n − 2 + ...... + j (b1ω n + b 2ω n −1 + b 3ω n − 2 ......)

(4)

Using the coefficients of real and imaginary parts, the first two rows of Modified Routh’s Table is
formed as
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a1
b1

a2
b2

a3
b3

a 4 .....
b 4 .....

The direct Routh’s multiplication rule is applied and the complete Modified Routh’s Table with
‘2n+1’number of rows is formed as

a1

a2

a3

a 4 .....

b1

b2

b3

b 4 .....

c1

c2

c 3 ....

d1
e1

d2
e2

d 3 ....
.....

.

.

.....

g1
h1
From the elements of first column of the above table, starting from the second row, the following
pairs may be grouped respectively: P1 = (b1, c1), P 2 = ( d 1, e1), Pn = ( g 1, h1) . It is
ascertained that the two elements in each pair has to maintain same sign for all the roots of
F(s)=0 to be real and distinct. If one pair fails to satisfy this condition, it is inferred that there exists
two numbers of complex roots (one complex conjugate pair) for F(s)=0 and the system is
aperiodically unstable.

4. ILLUSTRATIONS
4.1

Example 1

F (s) = s 2 + 3s + 2 = 0

(5)

As per equation (1)
F ( js ) = ( js ) 2 + 3 ( js ) + 2 = 0

F ' ( s ) = ( js ) 2 + 3 ( js ) + 2 + j [ 2 ( js ) + 3 ]
F ' ( s ) = s 2 + ( 2 − j 3) s + ( − 2 − j 3)
4.1.1

(6)

Modified Routh’s Table using SPC I

1

− j3

2
− j1 . 5
− j 0 . 33

− j3
− 2

− 2

The Sign Pairs are P1 = ( +1, + 2 ) and P2 = ( -j1.5, -j0.33 ).It is noted that the two elements in
each pair have the same sign and obey SPC-I. Hence the system is aperiodically stable.
4.1.2

Modified Routh’s Table using SPC II

The equation (6) can be written as

F ' ( jω ) = (−1ω 2 + 3ω − 2) + j (2ω − 3) = 0
= R (ω ) + jI (ω ) = 0

(7)

Using F(jω), the Modified Routh’s Table is formed as
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0
+1
+ 2
− 1 .5
− 0 . 33

+
−
−
+

2
3
3
2

−3
+ 2

The Sign Pairs are formed as P1 = ( +1, + 2 ) and P2 = ( -1.5, -0.33 ). It is noted that the two
elements in each pair have the same sign and obey SPC-I. Hence the system is aperiodically
stable. The roots of F(s) are found as -1 and -2 which are real values ; this verifies the result.
4.2
Example 2

F ( s ) = s 3 + 6 s 2 + 11 s + 6 = 0

(8)

3

2

2

F ' ( s ) = ( js ) + 6 ( js ) + 11 ( js ) + 6 + j[ 3 ( js ) + 12 ( js ) + 11 ]
F ' ( s ) = s 3 + ( 3 − j 6 ) s 2 + ( − 11 − j12 ) s + ( − 11 + j 6 )
4.2.1

(9)

Modified Routh’s Table using SPC I

+1
+3

− j6
− j12

− 11
− 11

− j2
− j1

− 7.33
−2

+ j6

− 3 .33
− 0 .2

+ j6

+ j6

Sign Pairs are P1 = ( +1, + 3 ) , P2 = ( -j2, -j1 ) and P3 = ( -3.33, -0. 2 ) . All pairs obey SPC-I.
4.2.2 Modified Routh’s Table using SPC II
Equation (9) can be written as

F ' ( jω ) = (−3ω 2 + 12ω − 11) + j (−ω 3 + 6ω 2 − 11ω + 6) = 0

(10)

= R (ω ) + jI (ω ) = 0
Modified Routh’s Table is formed as

0
−1

−3
+ 6

+ 12
− 11

−3
+ 2

+ 12
− 7 .3

− 11
+ 6

+1
− 3 .3

− 2
+ 6

− 11
+ 6

− 0 .2
Sign Pairs are are P1 = ( -1, - 3 ) , P2 = ( +2, +1 ) and P3 = ( -3.33, -0. 2 ) . All pairs obey SPC-I.
The system is aperiodically stable. The roots of F(s) = 0 are -1, -2 and -3 which are real values
and the result is verified.
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4.3

Example 3
F (s) = s2 + 2s + 2 = 0

(11)

The equation (11) can be written as

F ' ( s ) = ( js ) 2 + 2 ( js ) + 2 + j [ 2 ( js ) + 2 ]
F '(s) = s 2 + (2 − j 2)s + (−2 − j 2)
4.3.1

(12)

Modified Routh’s Table using SPC I

1
2
− j1
+ j2

− j2
− j2
−2

−2

Pairs are formed as P1 = ( +1, +3 ) , P2 = ( -j1, +j2 ) and P2 does not obey SPC I .
4.3.2 Modified Routh’s Table using SPC II
The equation (12) can be written as

F ' ( jω ) = (−1ω 2 + 2ω − 2) + j (2ω − 2) = 0
= R (ω ) + jI (ω ) = 0

(13)

The Modified Routh’s Table is formed as

+ 2 −2
0
+1 − 2 + 2
+ 2 −2
−1 + 2
+ 2
P1 = ( +1, +2 ) , P2 = ( -1, +2 ) and P2 fails to obey SPC II. Hence the system is aperiodically
unstable and there exists 2 numbers of complex roots for the equation F(s)=0. The roots of the
equation are -1+j1 and -1-j1, which verifies the result.
4.4 Example 4

[4]

F (s) = s 3 + 5s 2 + 8s + 6 = 0

(14)

F ' ( s ) = ( js ) 3 + 5 ( js ) 2 + 8 ( js ) + 6 + j [ 3 ( js ) 2 + 10 ( js ) + 8 ]
F ' ( s ) = s 3 + ( 3 − j 5 ) s 2 + ( − 8 − j10 ) s + ( − 8 + j 6 )
(15)
4.4.1

Modified Routh’s Table using SPC I

+1
+3

− j5
− j10

−8
−8

+ j6

− j1.67 − 5.33 + j 6
− j 0.4 + 2.8
− 17
+ 2.94

+ j6

P1 = ( +1, + 3 ) , P2 = ( -j1.67, -j0.4 ) and P3 = ( -17, +2.94) and P3 fails

to obey SPC.
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4.4.2

Modified Routh’s Table using SPC II

0
−1
−3
+ 1 . 67
+ 0 .4
− 17

−3
+5
+ 10
− 5 .3
+ 2 .8
+6

+ 10
−8
−8
+6

−8
+6

+ 2 . 94
P1 = ( -1, - 3 ) , P2 = ( +1.67, +0.4 ) and P3 = ( -17, +2.94 ) and P3 fails to obey SPC II. It shows
the existence of two complex roots as given in [4] and the system is aperiodically unstable. The
roots of the equation (15) are -3, -1 + j1 and -1 – j1 which verifies the result.
4.5

Example 5 [4]

F ( s ) = s 2 + Ks + 2 = 0

(17)

Design the value of ‘K’ for the system to be aperiodic stable.

F ' ( s ) = ( js ) 2 + K ( js ) + 2 + j[ 2 ( js ) + K ]
F ' ( s ) = s 2 + ( 2 − jK ) s + ( − 2 − jK )
4.5.1

(18)

Modified Routh’s Table using SPC I

1

− jK − 2

2

− jK

− j(0.5K)

−2

2

+ j(8 − K )
2

For the system to be aperiodic stable , (0.5K ) > 0 and 8 – K < 0 to get the two elements of P2
with same sign (-ve). ie; K must be greater than square root of 8. K > 2.82. The design is verified
with the result of [4].
4.5.2 Modified Routh’s Table using SPC II
The equation (18) can be written as

F ' ( jω ) = (−ω 2 + Kω − 2) + j (2ω − K ) = 0
= R (ω ) + jI (ω ) = 0

(19)

The Modified Routh’s Table is formed as

0

+2 −K

+1

−K +2

+2

−K

−0.5K

+2

2

−(0.5K −4)/0.5K
2

For the system to be aperiodic stable , 0.5K > 0 and ( 0.5K - 4 ) > 0, which gives the same result
as given in [4]. The condition for aperiodic stability is K > 2.82.
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Abstract
In this work a regulator for robot manipulators is proposed, it has been developed considering
that the equilibrium point of the closed-loop system is globally asymptotically stable in agreement
with Lyapunov’s direct method. The global asymptotic stability of the controlled system is
analyzed. We present real-time experimental results to show the performance of the proposed
regulator on a robot manipulator of direct drive with three degrees of freedom. The performance
of the new control scheme is compared with respect to the popular PD Algorithm in terms of
positioning error
Keywords: Regulator, Global asymptotic stability, Lyapunov function, position control, robot
manipulators.

1. INTRODUCTION
The position control (also called regulation) of robot manipulators plays a fundamental role in
design and analysis of the modern nonlinear robust controllers. The robot manipulators are
programmed to execute a sequence of movements, such as moving to a location  ,  ,   and
later to move to a new location ,  ,   . Some theoretical results on the stabilization of robot
manipulators under bounded control actions have been reported in the open literature [1] [2].
The goal of position control is to move end-effector of the robot manipulator from any initial state
to a final desired position. In an industrial robot the direct application is point-to-point control using
the proportional-derivative control (PD) plus gravity compensation [1]; another used control is the
proportional integral derivative control(PID) further gravity compensation and modifications of the
same ones [3]. The controller design for these robots can be a linear or nonlinear model, and
many of the industrial systems are nonlinear [4]-[6]. The PID requires the gravitational torque as
partial component of the robot dynamics into its control law, it lacks of a global asymptotic stability
proof, PID has local stability only in a closed loop with robot manipulator [9]-[15]. On the other
hand, the PD has global asymptotic stability in a closed loop [7]. Finally the best feature of these
controllers is that the tuning procedure to achieve global asymptotic stability reduces to select the
proportional and derivative gains in a straightforward manner.
The compensation of gravity allows maintaining the desired position once a final position is
reached, this requires the robots to apply the proper torque on each joint. Additionally, these
regulators assume implicitly that the robot actuators are able to generate the requested torques.
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However, in current manipulators robot, the actuators are constrained to supply limited torques
[2],[8]. Due to these disadvantages the regulators PD and PID need to develop a control
algorithm for industrial robots which does not contain their limitations, and at the same time
allows performing the same or better activities carried out within the field of robot [5][16].
The control algorithms used for the control of robot manipulators should present in the equilibrium
point of dynamic model global asymptotically stability, for this reason it is important that the
proposed Lyapunov function candidate is positive definite and its derivative satisfies the
conditions of a negative definite function [2]. To proof an appropriate performance and comply
with the Lyapunov’s stability criteria, in which it is established that the proposed function should
be definite positively and with continuous partial derivatives, also should be considered that the
candidate function fulfill the conditions of Lyapunov [2][8][9]. The Lyapunov theorem ensures that,
any system that is globally asymptotically stable, must satisfy the conditions before mentioned
[3][4]. Unfortunately, for a nonlinear control system, in order to determine a function that satisfies
such conditions is in general difficult. It consists in determining functions whose derivatives along
the trajectories can be rendered negative semi-definite. The proof of this result is made by the
LaSalle’s invariance principle [1]-[4],[19]-[27].
Kelly developed a mathematical analysis for a regulator with a polynomial function to determine
its asymptotic stability [2][18]; also Meza in [17] performs a similar analysis. Sanchez and Reyes
in [18] shows the analysis of a Cartesian controller and evaluate its performance by an
experimental proof, yielding a good performance. Other authors, for example in [25] [26], analyze
the stability of regulators, developed experimental tests and compare their results against the PD
controller. In order to evaluate the performance for regulators, they only measure the Cartesian
position error without considering the transitory, which could be evaluate by using other indicator,
for example the norm L2 is used to evaluate the performance along the trajectories [28].
In this paper, we introduce a position regulator for robots plus gravity compensation, motivated by
the practical interest in the design of regulators and its analysis with the Lyapunov’s theory, to
determine that this possesses global asymptotically stability, in order to carry out its utility and
performance in the position control. It is fundamental, especially in this case, where a regulator is
designed with stabilizing feedback, which are expressed in terms of the first derivatives of
Lyapunov’s function [1],[2].
Real-time experimental results on a direct-drive robot manipulator with three degrees of freedom
are presented. The proposed regulator performance to reach the desired position is good in
comparison with the simple PD algorithm. In order to show its utility and performance we verify
the positions errors between the initial position and final position taking into account for
characteristics of our robot.
This paper is organized by the following form. Section 2, shows the model of the dynamics of
robots and some important properties. The regulator of bounded action for position control, and
its analysis to demonstrate that it has global asymptotic stability with a Lyapunov’s theory is
presented in Section 3. In Section 4, we present results of experimental of regulators into a three
degrees-of-freedom arm, and its comparison with the control PD. Finally, we offer some
conclusions in Section 5.

2. PRELIMINARIES
The dynamics model with n degrees-of-freedom of a manipulator robot with rigid links is
represented by
     ,         
(1)
where is an  x 1 vector of applied torque for the robot,  is the  x  symmetric positive
definite inertia matrix,  ,       contains the centrifugal and Coriolis forces the size  x ,
     , represents the viscous friction matrix of the robot joints,    is the vector of
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position,    is the vector of velocities of the link,    is the vector of acceleration and 
is the torque due to gravitational forces and, it is the  x 1 vector, obtained as the gradient of the
potential energy  due to gravity [1][5]:






.

(2)

To simplify the process of analysis and compression of control law is necessary the application of
the following properties of the dynamics model (1), so to facilitate the demonstration of stability
condition(see [2]).
Property 1. The inertia matrix  is a positive definite symmetric matrix and its components
are a function of , satisfies the following:
  !



  " ,  # 

0

%  &  .

(3)

Property 2. Other important property of inertia matrix is:


,    ,  

(4)

Property 3. The matrix centrifugal and Coriolis forces ,  , satisfies the following:
,  

0

%  & 

(5)

3. REGULATOR WITH BOUNDED ACTION FOR POSITION CONTROL
The position control problem of robot manipulators can be formulated as follows: considering the
dynamics equation (1) of a robot of  degree-of-freedom, given a desired joint position '
assumed constant, trying to determine a vector function (, so that the position associated with the
coordinates  asymptotically reaches the robot joint ' . Formally the goal of pure position control
or simply position control, is to determine ( so that:
lim /

,-.

01
2-0
 1

Taking into account the above, we present the design and analyses of a new control scheme for
robot manipulators, the proposed regulator is an algorithm based on the energy shaping which is
written in function of the potential energy, composed of a proportional and a derivative part, in
both by adding the same function and the compensation of gravity. We propose the following
rational saturated regulator (RSR):
34

5
 

6789
5:

" 3;

 

6789 <

 

(6)

Where 34 and 3; are the diagonal positive definite  x  matrices and so-called proportional gain
and derivative gain, respectively; which are selected by the designer[2][5]. On the other hand,
5 &  , it is the position error between the manipulator robot’s actual position and the desired

position, defined as:
5


'

"

(7)

by notation is defined
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 @0A

5
 

6789
5<

?6789@0A: F
>  @0: E
>6789@0:: E
> B E
>  @0C E
=6789@0C: D

(8)

term of the speed is given by:
 @ A

 

6789 :

?6789@ A: F
>  @ : E
>6789@ :: E.
> B E
>  @ C E
=6789@ C: D

(9)

Taking into account (8) and (9), we can write the RSR- regulator (6) as:
 @0A

 @ A

?6789@ A: F
?6789@0A: F
>  @ : E
>  @0: E
34 >6789@0:: E " 3; >6789@ :: E " 
> B E
> B E
>  @0C E
>  @ C E
=6789@0C: D
=6789@ C: D

(10)

The closed-loop system equation formed by the robot dynamics (1) and structure control of
energy shaping (10) generates a global stable equilibrium point in the sense of Lyapunov, such
5 ,   H in the following way:
an equation expressed in terms of state variables is G

'

',

5

/ 2


"
?
F
 @ A
 @0A
>
? ?6789@0A: F
?6789@ A: F
FE
>
> >  @0: E
>  @ : E
EE
>
E
I
:
:
>  >34 >6789@0: E " 3; >6789@ : E " ,   "  EE
> > B E
> B E
EE
>
> >  @0C E
>  @ C E
EE
>
=
= =6789@0C: D
=6789@ C: D
DD

(11)

In order to carry out the stability analysis, we propose the following radially unbounded positive
definite function as Lyapunov function candidate:
5,  
J



5.
    K 34, 

(12)

Where the first term of this Lyapunov function candidate corresponds to the kinetic energy, which
is a positive definite function in  , because inertia matrix M(q) is positive definite. The second
5 is the artificial potential energy, this term is a radially unbounded positive definite
term K 34, 
5, and design 34 is a positive-definite matrix.
function in 
5 in (12) is defined in the following way:
The term K 34, 


5
K 34, 

?M65  6 0 " √5F
?M65  6 0 " √5F
>
E
>
E
>
E
>
E
2 >M65  6 0 " √5E 34 >M65  6 0 " √5E.
>
E
>
E
B
B
>
E
>
E
>M
E
>M
E
= 65  6 0 " √5D
= 65  6 0 " √5D
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Therefore, incorporating (13) into (12), we get




5,  
J
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= 65  6 0 " √5D
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(14)

To demonstrate that candidate function satisfies the Lyapunove’s conditions, we have (11) which
complies with the following conditions: The first term is defined positive because the inertia matrix
 is positive definite. The second term is the artificial potential energy also is a positive
5. Note that the term √5 was introduced to make
definite function on the position error vector 
5 0, J
5,   is zero; Therefore, the Lyapunov function candidate J
5,   is a positive definite

function in form globally and radially unbounded.
The time derivative of the Lyapunov function candidate (14) along the trajectories of the closedloop system can be written as


5 ,  
J
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(15)

5 " , because the desired position ' is a
Considering that the derived of the position error it is 
constant, and substituting the value of the acceleration  of the equation of closed-loop (11) into
(15), we have
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solving the suitable operations, we have:
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using property 1 in the third term and fourth term

"  ,       

Let us define R as: R

  !

M5  6 0S " √5, where T



  " ,  #  Q 0.

(18)

1,2 … , and substituting R inside the fifth term of

(17) together with (18)
 @0A

5 ,  
J

 @0A

 @ A


? √VA 6789@0A: F
?6789@ A: F
?6789@0A: F
R
?√  F
>  @0:
E
>  @ : E
>  @0: E
R
  34 >6789@0:: E "   3; >6789@ :: E "    " > √ E 34 > √V: 6789@0:: E 
> B E
> B E
> B E
>
E
B
>  @0C E
>  @ C E
=6R D
>  @0C E
=6789@0C: D
=6789@ C: D
=6VC 6789@0C: D

(19)

The fourth term of (19) can be written as:
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Note that, the matrix 34 is a diagonal positive definite matrix, and as the product of diagonal
matrices is commutative, with which simplify the expression being (20) as:
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Substituting (21) into (19), finally we obtain the result the time derivative of Lyapunov candidate
function
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(22)

Using the fact that the Lyapunov function candidate (14) is a globally positive definite function and
its time derivative is a globally negative semi-definite function, we conclude that the equilibrium of
the closed-loop system (11) is stable. Finally, we can use the LaSalle’s invariance principle to
demonstrate the global asymptotic stability of the equilibrium. Toward this end, let us defined the
set Ω as:
5

5,   0\
Ω Z/ 2 &   [ J 
(23)



5 &  ,  0 &  ^
Ω ]
(24)
5 ,   H &   . We conclude that this equilibrium is globally asymptotically
The unique invariant is G
stable.

4. EXPERIMENTAL RESULTS AND DISCUSSION
The algorithm RSR is experimentally tested in an experimental platform, which consists of a three
degree-of freedom direct-driver robot manipulator, designed and built at The Benemerita
Universidad Autónoma de Puebla to research robot control algorithms. Figure 1 shows the
manipulator robot. It is a direct-drive manipulator robot that consists of links made of 6061
aluminum actuated by brushless direct drive servo actuator from Parker Compumotor to drive the
joints without gear reduction (the motors characteristics used in the experimental robot are on the
Table 1).

FIGURE 1: Robot Manipulator.

In this robot manipulator we recall the equation of the control law (10) to apply the torque in each
joint to produced the movement in every link of the robot. The proportional gains were chosen
such that _ ` aKb `, where aKb represents the maximum applied torque of the Tth joint (see
limits of actuators in Table 1).
The empirical procedure that was used to select the tunning of the proportional gain is given by:
34S 80% SaKb / 'S , after several experimental tests and considering that the best time response
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without overshoot the minimum steady-state position error were obtained without reach the
saturation zone of the actuators torques.
Link

Model

Torque [Nm]

p/rev

Base
Shoulder
Elbow

DM-1015B
DM-1050A
DM-1004C

15
50
4

1024000
1024000
1024000

TABLE 1: Servo actuators of the robot manipulator.

The proportional and derivative gains were selected as:
;
The initial conditions for the joint positions of the robot manipulator were defined as:
Link one (Base)
degrees.

degrees; Link two (Shoulder)

degrees; Link three (Elbow)

The initial conditions for the joint velocities are:
Base joint
degrees/sec.

degrees/sec; Shoulder joint

degrees/sec; Elbow joint

The desired final position was definite as
as:
degrees,
degrees and
degrees, considered
onsidered time in the experiment to that the robot arrive to the final
positions was
seconds.
The experimental results of RSR
RSR-regulator are depicted in Figures 2-3.
3. We analyze the acting of
the regulator in function of the position errors and the applied torque .

FIGURE 2
2: Position error of regulator RSR.

Figure 2 shows that, as time evolves, the position errors
tend to zero, in agreement with
position control objective defined in equation ((10), in this case we can see with regard to the
tracking position error
ror in the exponential regulato
regulator was of approximately
0.035156±0.0087
0.035156
degree in
1.757517sec.
= 0.086329 ± 0.0074 degree in
0.672499sec.
0.672499
0.123596 ± 0.0269 degree in
0.902499sec. The position is maintained until the end of the
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experiment. It can be concluded that the robot system moves fast and practically without
overshoot toward the reference position
.
Figure 3 shows that the applied torque for each joint remain within the prescribed limits of these
actuators (see Table 1), and the magnitude of the torques stay inside physics lilimits
mits in steadysteady
state. Each joint has a smooth moving, free from irregularities; in stationary state the magnitude
of the base torque is:
2.497 Nm; for shoulder joint
34.775 Nm;; and elbow joint
2.963 Nm.. Also it is observed that the applied torque for the link two ( ) is higher than the other
two links, this is because of it corresponds to the shoulder joint, which has to support the weight
of the arm, causing high oscillations of the applied torque during the first instants of time of the
movement, and later decrease until a value of 11.11396±1.23
11.11396±1.23Nm;; the applied torque by the
servos to the links one and three are approximately constant during the beginning of the
movement, later on they present smaller oscillations to locate to the links in their final position.
Torque
oscillates among -0.61233Nm and 0.920216Nm;
among -0.11133
0.11133Nm and
1.524700Nm.. The value of the applied torque to the shoulder and elbow links do not decrease to
zero because they have to stay in the specified position, for such a reason the servo actuators
apply a torque to compensate the effects of the force of gravity that it acts on them.

FIGURE 3
3: Applied torque to the joints of the manipulator.

In order to compare the performance of the RSR-regulator presented here, develop experimental
tests with the known PD-regulator
regulator
(25)
The tunning-up
up for proportional and derivative gains were selected as:
;

.

Figure 4 shows that the position error of PD regulatorr falls with a tendency to zero, however,
this presents a broad overshoot and when the experiment concludes his position error was
several degrees
−0.72399 ± 0.000275 degrees,
5.47241 ± 0.00386 degrees,
4.466492 ± 0.001098 degrees.
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FIGURE 4: Position error and applied torque by means of the control PD.

As we can appreciate the values of the torque applied by the PD-regulatorr (see Figure 4), they
are bigger than the maximum torque values that can give the servo actuators according to Table
1; therefore they work in the saturation condition during the first instants of the robot’s
displacement. Applied torque by the PD when the robot manipulator approaches to the desired
position stays approximately constant to maintain the position.
Previous results do not allow us to properly compare the p
performance
erformance of proposed regulator
regulato and
PD-regulator.
r. With this propose, the L2 norm criterion has error useful. The scalar value L2 norm
of position error is given by:
L2

(26)

is the duration of the experimental test, in our case, 5 seconds. A small L2 value
Where
represents a better regulatorr performance.
The performance result of regulato
regulators
rs is shown in Figure 5. It can be observed that the smaller L2
norm corresponds to RSR-regulator
regulator,, considering these results, we can conclude that the RSRregulatorr had the best performance when compared whit PD-regulator using the scalar-valued
scalar
L2
norm criterion.

FIGURE 5
5: Performance index of regulators.
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5. CONCLUSIONS & FUTURE WORK
In this paper, we have presented a simple regulator (RSR) to solve the position control problem of
robot manipulators, motivated by the practical interest of relying on control algorithms that
preserve global asymptotic stability. The RSR-regulator is analyzed, demonstrating that the origin
of the state space is asymptotically stable in Lyapunov’s sense.
We have developed experiments on a direct-drive robot system of 3 degrees-of freedom, that
demonstrate the stability and performance of the RSR regulator. We have shown that, for desired
position and under the design guidelines, the requested torques remain within the prescribed
limits of the actuators, guaranteeing their correct operation during the experiment, and the
steady-state position errors are inside an interval around zero, as shown from the results of the
experiments that are carried out. The L2 norm provided a suitable index used to compare the
performance of the RSR-regulator with the PD-regulator under de same conditions, which for the
case presented herein, it showed that the RSR-regulator has a better performance. A future work
is the generation with auto-tuning control algorithms that enable better performance and reduce
time tuning the gains.
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